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Isospin breaking in lattice calculations

o lattice calculations usually done in the isosymmetric limit
e sources of isospin breaking effects (IBE)

» strong IBE ~ O((md - mu)/AQCD)
» QED effects ~ O(apnm)

— IBE effects are important for calculations with precision <1 %

RC* program: focus on the IB corrections (masses of mesons, HVP,
ete.):

@ non-isosymmetric configurations at several unphysical values of
agy and my, — mg + extrapolation to the physical point

e isosymmetric configurations + RM123 method
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Definition of QCD+QED

e theory: QCD+QED with four quarks
@ bare parameters: 3, c, M y—y 4.

@ six conditions define the renormalization scheme:

» needed to ensure a well-defined continuum limit
> six observables that can be evaluated precisely on the lattice
» six inputs (either theoretical estimates or exp. quantities)

Note: the choice of the scheme is arbitrary = no effects on the
observable quantities at the continuum limit
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Definition of QCD+QED

Following the hadronic scheme in 1608.08900 , 2108.11989

Observables Targets
(8t0/a2)1/2 -a (8t0)1/2’phys = 0.415 fm [Bruno et al., 1608.08900]

aPs = 0.007297 )

«

¢: = 8tg(mier —m2y) PR = 0.992

¢1 =8to(mis + M2 +mi,) = 4511’}‘-‘/5 =2.26 ) PDG values

¢y = 8to(mZo — m2..)/an LB =936

¢3 = VBlo(mps + mps +mpo) = #H® =120 )
e to: sets the SU(3) bare coupling @ ¢1: sets mg + mg + my
e ap: sets the U(1) bare coupling @ ¢y sets dmyq/dEm
@ ¢o: sets my — my @ ¢3: sets my
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https://arxiv.org/abs/1608.08900
https://arxiv.org/pdf/2108.11989.pdf
https://arxiv.org/abs/1608.08900
https://pdg.lbl.gov/

Definition of isoQCD

e isosymmetric QCD has four parameters: 3,my—; .

@ same scheme as QCD+QED along ¢o =const, agp — 0
Observables Targets
(8t0/a2)1/2 -a (8t0)1/2’phys = 0.415 fm [Bruno et al., 1608.08900]

PAIY® = 0.992

do = 8t0(m§<i — m?ri)

¢1 = 8t() (m%(i + mZ_i + mf‘(O) ; ()bli)hys = 2.26 PDG values
b3 = V/Elo(mps +mps +mp) = 9§ =120

Note: the separation of isosymmetric and IB contributions to
the observarbles is scheme-dependent!
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https://arxiv.org/abs/1608.08900
https://pdg.lbl.gov/

Our line of constant physics

e we use the hadronic scheme for tuning: (8tg)Y/2, agr(to), ¢o, b1, d2,

¢3
e unphysical choice of the targets as starting point

(8t0/a2)1/2 -a L 0.415 fm [Bruno et al., 1608.08900]

QR € [O, 0.04]

bo = St()(mi,i - mfri) Lo ’r')};h\” = 0.992]
¢1 = Bto(mis +m2s +mi,) =211 [0V = 2.2]

s = 8lo(m2y —m2.y)/ag L9236 [ = 2.36]

$s = VBEo(m s +mps +mpo) 2121 o8 =120

e same inputs for QCD+QED and (3+1) isoQCD simulations (¢ = 0)
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RM123 method

e idea: perturbative expansion in ae, = e’ /4m and 0myg = my, — mg
[De Divitiis et al, 1303.4896 |

<O> (E’) = <O> (mh Mg, Me, B, e? = 0,myq = 0) + 5mudaml <O> |5mud:0 + 62882 <O> |82:0
e expansion around the isosymmetric point

(0) (&) = (0) (g (mi, mly,me, B) + 32 5 0O {O) | (0) + €202 (O) | () + 0805 (O) |(0)

e need to find six IB parameters ém; = (m; —m.),68 = (8 — B'), e?

: - @3
C e 0000 OO
GO o o
~ — & OO
COol O OO
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https://arxiv.org/abs/1303.4896

Definition of IBE

Each renormalization condition is expanded in 6&' = (adm;, 63, €2), e.g:

SQC’DJrQED(ami”B’e ) ¢zsoQCD( m;, /)

J RM123

L CD CD
59 (ami, B) + 32 0€i 1 b0l amr 50 = by " (aml, )
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Definition of IBE

Each renormalization condition is expanded in 6&' = (adm;, 63, €2), e.g:

820D+QED(ami,,8,6 ) ¢zsoQCD( m;, /)
J RM123

zsoQCD(

3 CD
609 (aml, B) + X, 08i 2 Golams, 0 = am, 8)

1)2265185 to=0

2) agr(to) = aem
3)>, 55285 o =
4>, 55185 01 =

5)> (55, quhyS
6)> (56185 d)g—O
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Definition of IBE

Each renormalization condition is expanded in 6&' = (adm;, 63, €2), e.g:

SQC’DJrQED(ami”B’e ) ¢zsoQCD( m;, /)

J RM123
5790 (aml, ) + Y2 8ei g b0lamy o = 66707 (amf, )
o) —
1) 0cigto =0 e ap — «a (bare param.)
2) a = Qem

3) > 0cizgedo =0

)
)
)
)i 0cig=¢1 =0
)
)

W

B) Y Oei g = ohY°
6 Zz (561'%(;53 =0
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Definition of IBE

Each renormalization condition is expanded in 6&' = (adm;, 63, €2), e.g:

820D+QED(ami,,8,6 ) ¢zsoQCD( m;, /)
J RM123

L CD CD
5P (aml, B) + 3, 0ei 3 dolamy, g = 0672 (ami, B)

1)of = e ap — « (bare param.)

2)a= aem @ electro-quenched approximation
3) Z 5& De; ¢0=0 = no corrections from sea quarks
4>, 55185 ¢ =0

5) 3 Oei g = oh"Y

6)> 56185 ¢3=0
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Definition of IBE

Each renormalization condition is expanded in 6&' = (adm;, 63, €2), e.g:

820D+QED(ami,,8,6 ) ¢zsoQCD( m;, /)
J RM123

L CD CD
5P (aml, B) + 3, 0ei 3 dolamy, g = 0672 (ami, B)

1)éf = e ap — « (bare param.)

2)a= aem @ electro-quenched approximation
3) Z 5& aa ¢ =10 = no corrections from sea quarks
4>, be; 2 95,01 =0 = 0m, appears only in 6)

5) Y Oeiglda = 0b"°

6)2 66185 ¢3—0
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Definition of IBE

Each renormalization condition is expanded in 6&' = (adm;, 63, €2), e.g:

SQC’DJrQED(ami”B’e ) ¢zsoQCD( m;, /)

J RM123

L CD CD
5P (aml, B) + 3, 0ei 3 dolamy, g = 0672 (ami, B)

1)éf = e ap — « (bare param.)

2a= aem @ electro-quenched approximation
3) Z 5& aa ¢ =10 = no corrections from sea quarks
4>, be; 2 95,01 =0 = 0m, appears only in 6)

I

6) Z 65135 ¢3 =0
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Strategy

Steps:

@ Computation of derivatives of pseudoscalar correlator

@ Solution of the renormalization conditions system to derive the
quark mass shifts (u and d/s)

@ Computation of derivatives of the vector-vector correlator

@ Analysis of 5af ve
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Corrections to mesons’ masses

Computation of derivatives of pseudoscalar correlator on 200/250
configurations, 10 point sources per conf.

T b (x)u(x quVp (X)Au P X)AZ(X ;

@ Sequential propagators: further inversions with a modified source
e Photon field (Feynman gauge) estimated stochastically (1 source per
point source)

zkx

u(2) = 5 S = Bu(k),
@ —y) =% 3y S e p e e Al () Al (y)

Nsrc

A P(B) x exp(—Bg(k))
A,
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Corrections to mesons’ masses

e Each diagram gives a contribution to admy = ), aamM 0g;

O, (ampr)(t) = |:8€iG(t) 0:,G(t + 1)]

GO(t)  GO(t+1)
1

g (T/2 — t) tanh (am'(T/2 — t)) = (T/2 = (t + 1)) tanh (am'Q (T/2 — (t + 1)))

7.0
| [ const = 5.244(53); x? / ndof = 9.66 / 8
6.5 '
_ 6.0 t
§ f
< 554 t t4 }
R = S
sl
5.0 | *
45 y
5 10 15 20 25 30
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Corrections to mesons’ masses

Ensemble 1% n.cufg ¢ (meas) a[fm] mx[MeV]
A400 64 x 323 200 2.110(32) 0.05394(27) 398.9(3.7)
B400 80 x483 250 2.172(20) 0.05404(14) 404.5(1.9)

Derivatives:

Quantity | Mass der. Tad. Ph. ex Ph. self Tot QED
am,+ 5.21(8) | 0.638(10) | 0.00219(5) | -0.03003(46) | 0.611(10)
amg+ | 5.21(8) | 0.638(10) | 0.00219(5) | -0.03003(46) | 0.611(10)
amo 5.21(8) | 0.255(4) | -0.00109(2) | -0.01201(18) | 0.242(4)

Quantity | Mass der. Tad. Ph. ex Ph. self Tot QED
am, - 5.19(5) | 0.639(6) | 0.00274(5) | -0.02944(31) | 0.612(6)
amp+ | 5.19(5) | 0.639(6) | 0.00274(5) | -0.02944(31) | 0.612(6)
amgo | 5.19(5) | 0.255(2) | -0.00137(3) | -0.01178(13) | 0.243(2)
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IB parameters

Solution of the system:

3) Zz (582'%(?0 =0
4)3; beigt¢1 =0
5) Y, 0ziz ¢y = ¢h™°

A400a00b324

B400a00b324

58 =0

e? =0.091701237
adm, = —0.008781(14)
admg = —0.002046(5)
adms = —0.002046(5)

58 =0

e? =0.091701237
adm,, = —0.008837(3)
admg = —0.002055(1)
adms = —0.002055(1)
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IB parameters

Expansion of the meson masses :

@ A400: am,+ = 0.109(1) + 5.22(8)(admy, + admy) + 0.612(9)e = 0.1086(10) [397.3(3.5) Mev]
@ A400: amgo = 0.109(1) + 5.22(8)(admg + adm,) + 0.243(4)e2 = 0.1099(9) [402.2(3.5) Mev]
@ B400: am,+ = 0.1108(7) + 5.19(5)(adm, + admg) + 0.612(6)e? = 0.1103(7) [403(2) MeV]

@ B400: amyo = 0.1108(7) 4 5.19(5)(admg + admy) + 0.242(2)e? = 0.1117(7) [407(2) MeV]

@ A400/B400: amp+ = amg+

(Half-)Prediction:
@ pion-splitting

e G T~
o = am oc 2ol E@ OO

A400: 0.00045(1) [1.65(4) MeV]
B400: 0.00056(1) [2.06(3) MeV]
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HVP calculation

@ time-momentum representation

) =—3 > > (V" @V™0)

k=123 Z

HVP
(2) ZG K(t;my)

e two discretizations of the correlator
(local-local,conserved-local) a H

@ two types of contributions

(V) = g g apap v [wDy alo)] - o [wD3H010)] = 55 63 o D7 (103D (0]2)]

~ s . >

D v
disconnected (~ 2% of the total) connected

OO O
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IB corrections to the HVP

For instance, we consider the local local discretization

aHVP — Z Z2GU K (t;m,)

1) corrections to the correlator

dallhP = Z(z@) SGU () K (t;m,)
oG (t) 1 ,0*G"(1)
U — ol (+)(0) Wipy — ol (4)(0) 2e2
GU(t) = GU(t) + 56U (1) = GU (1)) + > dmy o ¢ 5
7 0) (0)
2) corrections to the renormalization constant
0

salltr = Z?Z< )52y G (1) O K (;m,,)

(0) (0) 02y 1 232Zv
Zy =2y, + 02y = Zy, + (577Lf —e

v v ; omyploy 2 0e? |,
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Corrections to the correlator

o leading IB effects in the electro-quenched approximation

3L D(x)Y(x) Yen V,f.(X)Au(X) Zx,,ﬂ'u(X)A,ZL(X)i1 {ﬁ\.\
\\
z 0 z // 0 z 0 z 0
L

e if conserved current at the sink (no additional propagators needed)

Zx,uv;tc (X)Au (x)

VE(2)A A
Ty (Z)Ak (Z) k (Z) k(Z) k(z)
4 0 P X
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Corrections to the correlator

e reconstruction of the vector correlator derivatives
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=
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Preliminary results (Ensemble A400a00b324)

o After the zg-integration:

daj i = —4.8(7) x 10" adm,+

WGl Ko
G~ Ko i

—1.20(17) x 107" (admg x 2)+

—(4.3(6) + 0.24(7) x 2) x 10~8¢>

o Inserting the quark mass
shifts:

ERECEo

GO Ko, M)

Sapll =2.88(24) x 10717

HVP,LO

— 9Q 5(7 R) 10
sy = 284.5(7.8) x 10
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Corrections to Zy

@ Renormalization condition
0.00)  0.0220(6)

0. 6578(9) 0.0(0)

T ! 1 —1 0.000)  0.6766(12)  0.0(0) 0.0(0)
Zvpv; = limg 00 G (20) (G (20)) ™ — 0.0(0) 0.0(0)  0.6766(12)  0.0(0)
0.0439(12)  0.0(0) 0.0(0)  0.6224(11)

o Taking derivatives

vy, _ hmmo_}oo[%%jl(:co) — G(x0) (G”(mo))_l%%il(wo)] (GM(g))

Oe;
Diagonal Off-diagonal
0.15 T 0.15
F  z([8,8]= —0.0423 £0.0065, x> = 0.27
0.10 0.10
0.05 o 0.05
s -
= 000 0.00
.rrTiﬂ]lT
—0.05 4 a‘IIIIF‘-“L ll ~0.05
_0.104 4 o104 ¥ Z{P[8,0]= —0.0122 +0.0019, 2 = 0.27
¥ z{M(8,3]= —0.0244 +0.0037, x2 =0.27
- T Zz{M8,15]= —0.0050 + 0.0008, x? = 0.27
—0.15 1 T T T v T v -0.15 1 T T " v T T
o 5 10 15 20 25 30 0 5 10 15 20 25 30
Xo

Xo
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Preliminary results (Ensemble A400a00b324)

—0.076(33) —0.152(65) —0.088(38) —0.031(13)
62y, — | ~0076(33) —0.152(65) —0.088(38) —0.031(13) | o
RVma = | 0. 044(19)  —0.088(38) —0.051(22) —0.018(8) u
—0.062(27) —0.124(53) —0.072(31) —0.025(11)
—0.076(33)  0.152(65) —0.088(38) —0.031(13)
(6 Zurpm, — | ~007T6(33) —0.152(65)  0.088(38)  0.031(13) | o
"Vi/ma = | _0.044(19)  0.088(38) —0.051(22) —0.018(8) ’
—0.062(27)  0.124(53) —0.072(31) —0.025(11)

—0.076(33) 0.0(0) 0.175(74) —0.031(13)
0.0(0) oo(o) 0.0(0) 0.0(0)
)
)

-admg

(0Zvvi)m, = 0.088(38) 0.0(0) —0.202(87) 0.039(15)
—0.062(27) oo(o 0.143(62) —0.025(11)

—0.0423(65) —0.0423(65) —0.0244(37) —0.0173(26)

(6Zy)ie — | ~00212(32) —0.07L(11)  —0.0244(37) —0.0086(13) |,
rVi)e —0.0122(19) —0.0244(37) —0.0423(65) —0.0050(8)
—0.0346(53) —0.0346(53) —0.0199(30) —0.0141(22)
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Conclusions

To summarize:

e Possible strategy for defining the isospin-breaking effects to the
HVP

e Computation of the derivatives (valence contributions) of the light
quark pseudoscalar correlator and corrections to meson masses on

A400 and B400

@ Corrections to the vector correlator and the renormalization
constant (in progress)

Next steps:
e Finalize the analysis (AIC for combining models)

e Estimate finite-volume corrections
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Conclusions

o Write-up: paper on the isospin-breaking corrections to the HVP
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