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Bistritzer–MacDonald Hamiltonian

H(α1, α0) :=

(
α0C D(α1)∗

D(α1) α0C

)
: H1(C;C4)→ L2(C;C4)

D(α) :=

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
, C =

(
0 V (z)

V (−z) 0

)
z = x1 + ix2, Dz̄ := 1

2i (∂x1 + i∂x2)

U(z) := −4
3πi

2∑
k=0

ωke i〈z,ω
kK〉, V (z) := −4

3

2∑
k=0

e i〈z,ω
kK〉

K := 4
3π, ω := e2πi/3, Λ = Z + ωZ, Λ∗ =

4πi√
3

Λ

Mathematical derivation:
Cancès–Garrigue–Gontier, Watson–Kong–MacDonald–Luskin ’22

Bands: eigenvalues Hk(α1, α0) obtained by 2Dz̄ → 2Dz̄ + k .
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The chiral limit of the BM Hamiltonian

H(α) :=

(
0 D(α)∗

D(α) 0

)
, D(α) :=

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
,

Flat band at 0 for H(α) ⇔ SpecL2(C/3Λ) D(α) = C ⇔ α ∈ A

Becker–Embree–Wittsten–Z ’21

Watson–Luskin ’21: Existence of the first real α

Becker–Humbert–Z ’22: Its simplicity and |A| =∞
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In-plane magnetic field for the chiral model

Kwan et al ’20, Qin–MacDonald ’21:

DB(α) := D(α) + B, B :=

(
B 0
0 −B

)
, B = B0e

2πiθ.

Dirac point at k ⇐⇒ k ∈ SpecL2
0(C/Γ) DB(α)

Theorem (BZ ’23) If α ∈ A is simple (+ one more condition) and
0 < B0 � 1 then there are no flat bands and for α ∼ α Dirac
points (eigenvalues of DB(α)) are close to the Γ point.
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Structure of eigenfunctions at the flat band

Dubrovin–Novikov ’80, Tarnopolsky et al ’19, Becker et al ’22

∀α ∈ C, (D(α) + K )uK (α) = 0, uK (α) ∈ H1
0 (C/Λ) \ {0}.

Consider the (rescaled) Green function of 2Dz̄ on C/Λ:

(2Dz̄+k)Fk(z) = a(k)δ0(z), Fp(z) ≡ 1, p ∈ Λ∗, k 7→ Fk holomorphic

(D(α) + k)(Fk−K (z − z0)uK ) = uK (z0)α(k − K )δ0(z − z0).

∃ z0 uK (z0) = 0⇒


uk(z) := Fk−K (z − z0)uK (z) ∈ C∞(C/Λ),

(D(α) + k)uk = 0, ∀ k ∈ C,

flat band at α.

Becker–Humbert–Z ’22: If α ∈ A is simple then the unique zero
has to appear at the stacking point zS := −z(K ) =

√
3/i .
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Structure of eigenfunctions at the flat band

uk(z) = Fk−K (z − zS)uK (z)

= Fk(z)u0(z)

Fk(z) = e
i
2

(z−z̄)k θ(z − z(k))

θ(z)
, a(k) =

2πθ(z(k))

θ′(0)
, z(k) =

√
3

4πi
k ,

θ(z) := θ1(z |ω) := −
∑
n∈Z

exp(πi(n + 1
2 )2ω + 2πi(n + 1

2 )(z + 1
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Structure of eigenfunctions at the flat band
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(D(α)+k)u(k) = 0, ‖u(k)‖ = 1, (D(α)∗+k̄)u∗(k) = 0, ‖u∗(k)‖ = 1

u(k) = c(k)Fk

(
ψ
ϕ

)
, u∗(k) = c(k)F−k

(
ϕ̄
−ψ̄

)
We now want to treat the in-plane magnetic field as a perturbation
of the chiral model:

DB(α) :=

(
2Dz̄ + B αU(z)
αU(−z) 2Dz̄ − B

)
, HB(α) :=

(
0 DB(α)∗

DB(α) 0

)
.
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Schur’s complement formula

(review of linear algebra)

(
A B
C D

)−1

=

(
a b
c d

)
=⇒ ( A invertible ⇐⇒ d invertible )

A−1 = a− bd−1c , d−1 = D − CA−1B

P −→ P :=

(
P R−
R+ 0

)
, P−1 =

(
E E+

E− E−+

)
(Grushin problem - notation and nomenclature of Sjöstrand)

P−1 = E − E+ E−1
−+ E−, E−+ becomes an effective Hamiltonian
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(P+B)−1 = EB−EB+ (EB−+)−1 EB− , EB−+ is a new effective Hamiltonian

EB−+ = E−+ +
∞∑
k=1

(−1)kE−B(EB)k−1E+

= E−+−E−BE++O(|B|2)



Schur’s complement formula (review of linear algebra)

(
A B
C D

)−1

=

(
a b
c d

)
=⇒ ( A invertible ⇐⇒ d invertible )

A−1 = a− bd−1c , d−1 = D − CA−1B

P + B −→ PB :=

(
P + B R−

R+ 0

)
, P−1

B =

(
EB EB+
EB− EB−+

)

(Grushin problem - notation and nomenclature of Sjöstrand)
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In-plane magnetic field as a perturbation

α ∈ A simple =⇒
(
D(α) + k R−(k)

R+(k) 0

)−1

: L2
0 × C→ H1

0 × C

R−u− = u−u
∗(k), R+u = 〈u, u(k)〉, E− = R∗−, E+ = R∗+, E−+ ≡ 0.

DB(α) := D(α) + B =

(
2Dz̄ + B αU(z)
αU(−z) 2Dz̄ − B

)
EB
−+ = −c2B(G+O(B)), G (k) = 2

∫
C/Λ

FkF−kϕψdm, u0 =

(
ψ
ϕ

)
.

θ(z + u)θ(z − u)θ2(0)2 = θ2(z)θ2
2(u)− θ2

2(z)θ2(u) =⇒

G (k) = g0
θ(z(k))2

θ( 1
2 )2

, g0 = 2

∫
C/Λ

θ2(z)
ϕ(z)ψ(z)

θ(z)2
dm

Magic angle α 0.585 2.221 3.751 5.276 6.794

|g0(α)| ' 7e-02 5 e-04 7 e-04 2 e-05 3 e-05
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In-plane magnetic field as a perturbation

DB(α) := D(α) + B =
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2Dz̄ + B αU(z)
αU(−z) 2Dz̄ − B

)

k a Dirac point (or QBCP)

⇐⇒ k ∈ SpecL2
0
DB(α) ⇐⇒ EB

−+(k) = 0.

EB
−+(k) ≡ Bθ(z(k))2 +O(B2), θ(z(k)) = 0 for k ∈ Λ∗ (Γ points)

More Grushin problems + symmetries + spectral characterization:
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Relevance to the full Bistritzer–MacDonald model?

HB(α1, α0) :=

(
α0C D(α1)∗

DB(α1) α0C

)
: H1(C;C4)→ L2(C;C4)

DB(α) :=

(
2Dz̄ + B αU(z)
αU(−z) 2Dz̄ − B

)
, C =

(
0 V (z)

V (−z) 0

)
For B = 0 how close are the bands of the two models when
α ∈ A ∩ R? (Flat band at α, that is E±1(k , α, 0) ≡ 0)

E±1(k , α, tα) = ?, t → 0+
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Relevance to the full Bistritzer–MacDonald model?

Adding in-plane magnetic field: Dirac points not at zero energy

θ 7→ B = e iθ/
√

2 0 < B < 1/
√

2

Approximate Dirac tips splitting for B = 1/
√

2, 1
2

(1 + i) and α0 = 0.7α1: e−cα1 ?


Angle_at_magic_angle.mp4
Media File (video/mp4)


B_increasing_at_first_magic_angle.mp4
Media File (video/mp4)



Relevance to the full Bistritzer–MacDonald model?

Adding in-plane magnetic field: Dirac points not at zero energy

θ 7→ B = e iθ/
√

2 0 < B < 1/
√

2

Approximate Dirac tips splitting for B = 1/
√

2, 1
2

(1 + i) and α0 = 0.7α1: e−cα1 ?


Angle_at_magic_angle.mp4
Media File (video/mp4)


B_increasing_at_first_magic_angle.mp4
Media File (video/mp4)



Relevance to the full Bistritzer–MacDonald model?

Comparison of Dirac points for chiral, weakly interacting, and full
BM Hamiltonian with in-plane field B = 0.5(1 + i); many features
persist...
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