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! Quantum Setup xg/]ﬁ FOURIER

e State (density matrix): 7, Hilbert space
peIT () st p=p*20,rp=1

e Evolution of states: H=H*e %) Hamiltonian
ip = [H,pl _ _itH . itH ~ o
{,0 |t:0 = Py c g(%) = ,O(t) = € Pof cJ (%)

e Open Quantum Systems: Effect of Environment

+~>  Approx. evolution eq. for p € I(%)
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e Markovian approximation of Quantum Dynamics:
p=Zp), p(0)=p, astate: p >0, Trp,=1.
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wal AlpeS FOURIER

e Markovian approximation of Quantum Dynamics:
p=Zp), p(0)=p, astate: p >0, Trp,=1.

Lindblad, Gorini, Kossakowski, Sudarshan, '76

e CPTP norm continuous semigroup (¢

e’ B(H) - BH) contraction on T (%)

, 1
L(p) == ilH,pl + Y Tjpl# = —{T+T), p)
J

\ - > 4

dissipator 2(p)

H=H*¢e BX), T;€ BX)

s.t. 0¢€o(P) & pH=eZp, is a state
ETH Zurich, 17-21/7/23
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= Alpes FOURIER

e Time dep. operators:
0,13t H() = HY)* € B(#) smooth
0,112 t > T'(H) € B(¥) (const. is OK)

e Small dissipator: Coupling 0<g-0

I
L) = —i[HQ@), - 1+¢ Z NORSOR=UOINONS
= L9 +gZ)(+)

e Adiabatic regime: Time scale 1/¢ -

{6/5 = Z#(p), 1€10,1]

as (e,2) — (0,0
Plio = P0 € T () (€.8) = 0.0

ETH Zurich, 17-21/7/23
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e Two-param. Evolution op.: as (cg) — (0,0)
€0, 2(t,s) = (LO+g LU, 9)),
U(s,s) =1,0<s<r<1 s.t. p®) =%t0)(py)

U(t,s) € B(RBHK)), contraction on T ()
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2 Alpes FOURIER
e Two-param. Evolution op.: as (cg) — (0,0)

€0, 2(t,s) = (LO+g LU, 9)),

U(s,s) =1,0<s<r<1 s.t. p®) =%t0)(py)

U(t,s) € B(RBHK)), contraction on T ()

+ Simplified Spectral Assumptions: 1 70
€d
Hn = ), ¢OP(0) Unif. gap: | ¢S
1<j<d
P =P =P spect proi. S0l
! —
0 1
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2 Alpes FOURIER
e Two-param. Evolution op.: as (cg) — (0,0)

€0, (t,s) = (LO+gFNU{,s)),

U(s,s) =1,0<s<r<1 s.t. p®) =%t0)(py)

U(t,s) € B(RBHK)), contraction on T ()

+ Simplified Spectral Assumptions: 1 710 -
€d
HO) = D, ¢0P) Unif. gap: | ¢S
1<j<d
r —r
0 1

« Kato Operator:

{ OW(t,s) = ¥, P(OP(OW(E, 5),

S.t. W(t,0)P,(0) = P()W(z,0) VI
W(s,s)=10,0<s,t<1

ETH Zurich, 17-21/7/23
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e Typical Question:
Let p;=P(0)p,P(0) be a state and p@) = %(0)(p)

determine tr(P()%(10)(p)) as (c.8) > 00), for k#j
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Moo Transition probabilities s

wal AlpeS FOURIER

e Typical Question:
Let p;=P(0)p,P(0) be a state and p@) = %(0)(p)

determine tr(P()%(10)(p)) as (c.8) > 00), for k#j

e Unperturbed Case: ¢=0 "Adiabatic Thm of QM"

€0, 2°(t, s) = — i[H(t), %°(t, 5)],
2%s,5)=01,0<s<t<1

P,(OP.(P()PL(t)P Kato '50
tr (Pk(f)?lo(t,O)(p])) — €2t1' ( k(t) k(t)p](t) k(t) k(ﬂ) n 0(63)

(/1) — ex(1))?
p() = W(L0)p,W(0.1) = P(0)p ()P (1)

ETH Zurich, 17-21/7/23
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, €
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2 Alpes FOURIER
42 €
Thm: if g<e<1 for p;=P0)pP(0) a state

P (PO (DPUD)P(1)
) J
tr (Pk(t)%(t,())(ﬂj)) = e“tr ( (e]-(t) o) )

+gle Z [ tr (Pp()I'[($)p, ()L F()Pi(s)) ds + O (€3+ g+(g/ 6)2)
;] Y0

> €
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"l AlpeS FOURIER
A g €
Thm: if g<e<1 for p;=P(0)p,P(0) a state 3

P ()P (D)p(DP(DP (1)
_ 2 J
tr (P ()% (1,0)(p)) = e“tr ( C0 — ) )

+gle Z [ tr (Pp()I'[($)p, ()L F()Pi(s)) ds + O (€3+ g+(g/ 6)2)
;] Y0

> €

Remarks:

e g=¢>: both terms are O(¢?), with error 0O(¢?)
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"l AlpeS FOURIER
A g €
Thm: if g<e<1 for p;=P(0)p,P(0) a state 3

P (PO (DPUD)P(1)
) J
tr (Pk(t)%(t,())(ﬂj)) = e“tr ( (e]-(t) o) )

+gle Z [ tr (Pp()I'[($)p, ()L F()Pi(s)) ds + O (€3+ g+(g/ 6)2)
;] Y0

> €

Remarks:

e g=¢>: both terms are O(¢?), with error 0O(¢?)

e PxgKe: t

tr (POXL0)(p)) = gle Y. [ tr (P()T ()P ($)TH(5)P(5)) s + O (24 g+(g/c)?)
; 20
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"l AlpeS FOURIER
A g €
Thm: if g<e<1 for p;=P(0)p,P(0) a state 3

P (PO (DPUD)P(1)
) J
tr (Pk(t)%(t,())(ﬂj)) = e“tr ( (e]-(t) o) )

+gle Z [ tr (P()L'()p, ()L 7 (5)Pi(s)) ds + O (€3+ g+(g/ 6)2)
;] Y0

> €

Remarks:

e g=¢>: both terms are O(¢?), with error 0O(¢?)

e PxgKe: t

tr (PO (L0)(p)) = gle ¥ [ tr (POT)F(OTH($)P(s)) ds + O (e2+g+(g/e)?)

; 20
P (OPU0)p[(OPUDP(1)
3. )) = ¢2 / 2
o g’ U(PUDNU@O)(p)) =etr ( @) — o) ) + o(e?)

ETH Zurich, 17-21/7/23
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A
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FOURIER

¢ rxgx 8 .
Hypl:

o(H(1)) simple, distinct Bohr freq. {e(n) — e}
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2 Alpes FOURIER
¢ cxgxl 8 .
Hypl:

o(H(1)) simple, distinct Bohr freq. {e(n) — e}

Ker 3?( -) = Ker [H(?), - ] = Span {P(?), 1 < j < d]}

Let 2\t): B(H) - B(H) spect. proj. onto KerZ) c B(¥)

Pot)A) = ) P(DAP(1)

1<j<d
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!‘e:'g:zi;:: Slow Drive Regime Vi [f e

2 Alpes FOURIER
¢ xyogxl g .
Hypl:
o(H(1)) simple, distinct Bohr freq. {e(n) — e}
, €
Ker Z7(-) =Ker[H(1), -] = Span {P(1), ] < j <d}
Let 20 : B(F)—> B(F) spect. proj. onto Ker &) c B(¥)
Pot)A) = ) P(DAP(1)
1<j<d
 Kato Operator: on AB(x)
atWO(ta S) — [gj(l)(t)v quO(ZL)]%QO(Z; S)a
Ws)=1.0<si<1 St T (0P = POV (10

ETH Zurich, 17-21/7/23



Ez':z:zi;r; Slow Drive Regime Vi [f e

2 Alnes FOURIER

1 o(Z7)

b\

1 i(e(1) — e,(1)
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4l Alpes FOUR'ER

e Perturbation by g&! o(Leh 1 o(ZY)

:—. >

i(e(t) — (1)
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P Slow Drive Regime [
e Perturbation of 0ea(#%) by g% oL 1 o(F0)

governed by 7! := 2\ Py1) .

:—. >

i(e (1) — e(0))
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2 Alpes FOURIER

e Perturbation of 0eo(¥% by ¢Z! o(Leh 1 o(£)

governed by Z!:= 2,0 L P (1) . /\
HYPZ maximal SPII'H'Ing : i(ej(t) — e,(1))
0(§}|Ker39) IS simple Vte[0,1] '1
31 state §y(t) = PyDoy(t) € BFH) S.1. LN 5y(1) =0 .
Thm: & 2
if c<g<e” and p;=P(0) then
tr (P()% (1,0)(P(0))) = tr (P(DT(1)) + O(g*/e + ¢/ g) )
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2 Alpes FOURIER

e Perturbation of 0eo(¥% by ¢Z! o(Leh 1 o(£)

governed by Z!:= 2,0 L P (1) . /\
HYPZ maximal SPII'H'Ing : i(ej(t) — e,(1))
0(§}|Ker39) IS simple Vte[0,1] '1
31 state §y(t) = PyDoy(t) € BFH) S.1. LN 5y(1) =0 .
Thm: & 2
if c<g<e” and p;=P(0) then
tr (P()% (1,0)(P(0))) = tr (P(DT(1)) + O(g*/e + ¢/ g) )

o Actually:  %@0)(P(0)) = Tp(1) + O(g*/e + €l g)

ETH Zurich, 17-21/7/23
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1/2

e sxKxe"x1

1/2

»OQ
M

> €
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1/2

¢ gxe’xl Recall Z!:=2,0)L 20

Define the Reduced Dynamics: Yt s5) € B(B(X))

»OQ
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Beww:  Transition Regime [ e

¢ gxex Recall Z!':=2,0L P1)

Define the Reduced Dynamics: Yt s5) € B(B(X))

0¥ (1,5) = W (0.0 LW ((1,0)P (1, 5),
¥ (s,5)=0,0<s<t<1 where o>0

1/2

»OQ

> €
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Beww:  Transition Regime [ e

= Alpes FOURIER

¢ gxex Recall Z!':=2,0L P1)

Define the Reduced Dynamics: Yt s5) € B(B(X))

0¥ (1,5) = W (0.0 LW ((1,0)P (1, 5),
¥ (s,5)=0,0<s<t<1 where o>0

Prop: Y55, Z2O1=0, Y0z oz 1S CPTP

Thm: if g<e?<«1 g i
U(1,0)P(0) = W o(t,0)P,,(1,0)P(0) + Oe + g+g*/e)
Rem: dimP(») arbitrary . €
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€

Thm: if g<c? <1 for p;=POpP0) a state 7 €
tr (P(N%(1,0)(p)) = tr (PLO)P,,,(1.0)(p) + O(e + g+g°/¢)

, €
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Bewse  Transition Regime g s

Alpes FOURIER
Thm: if ¢<e? <1 for p;=P(0)pP(0) a state 1 2
tr (P %(1,0)(p))) = tr (PO)¥,,,(.0)(p)) + O(e + g+g°/e)
Remarks: . v
: €
° =€l W, (1,0) = ¥,(1,0) S.t.
tr (P()%(2,0)(pp) = tr (PO)Y,(2,0)(p)) + O(c)
L€

ETH Zurich, 17-21/7/23
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gg{sggue Transition Regime M NSTTUT
61/2

Thm: if g<e? <1 for p;=P(0)p;P(0) a state

tr (P()Z(1,0)(p) = tr (PO, (10)(p)) + O(c + g+g>/c)

Remarks:

>%w
\ 4
©) M

¢ 8=€1 W, (1,0) = ¥,(1,0) S.t.

tr (P (1,0)(p) = tr (PO¥,(1,0)(p)) + O(e)

perturbative g<ex1

¥, (t.0) "recovers { 1/2} regimes

slow drive EKgKe
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Eg{sggue Transition Regime M NSTTUT
61/2

Thm: if g<e? <1 for p;=P(0)p;P(0) a state

tr (P()Z(1,0)(p) = tr (PO, (10)(p)) + O(c + g+g>/c)

Remarks:

>%w
\ 4
©) M

¢ 8=€1 W, (1,0) = ¥,(1,0) S.t.

tr (P (1,0)(p) = tr (PO¥,(1,0)(p)) + O(e)

perturbative g<ex1

¥, (t.0) "recovers { 1/2} regimes

slow drive EKgKe

e Natural Markov Process: if Dim P(1) =1

PX, = k| X, =j) = tr(P KO, (£,0)(P j(O))) ETH Zurich, 17-21/7/23
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e Approximation of the evolution op. %(,s)

0,21, =£Z? 3}%, ,
{e 09 = (gD,

U(s,s)=01,0<s<r<1
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Bo Methods of proofs  i[fum
e Approximation of the evolution op. %(,s)

0,21, =£Z? 3}%, ,
{e 09 = (gD,

U(s,s)=01,0<s<r<1

e Dyson series in the perturbative regime g¢<e<xl1

e Integration by parts in the slow drive regime c¢<g<1

e Perturbation theory in the transition regime  g¢<e¢'?

ETH Zurich, 17-21/7/23
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& Alpes

e |Literature:

Adiabatics for open quantum systems

Davies-Spohn 78, Abou Salem-Frohlich ‘05, J. '07, Teufel-Wachsmuth 12,
Benoist-Fraas-Jaksic-Pillet '17, J.-Merkli-Spehner '20,
Jaksic-Pillet-Tauber '22, J.-Merkli '23,...

Adiabatics for dephasing Lindbladians
Avron, Fraas, Graf, Grech '11, '12, Fraas, Hanggli '17,...

Perturbative results for Lindbladian dynamics

Ballestros, Crowford, Fraas, Frohlich, Schubnel ‘21, Haack-3J. '21,
Benoist, Bernardin, Chetrite, Chhaibi, Najnudel, Pellegrini '21,...
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Ez*:z:zzr: Concluding remarks \df FOURIER

& Alpes

e |Literature:

Adiabatics for open quantum systems

Davies-Spohn 78, Abou Salem-Frohlich ‘05, J. '07, Teufel-Wachsmuth 12,
Benoist-Fraas-Jaksic-Pillet '17, J.-Merkli-Spehner '20,
Jaksic-Pillet-Tauber '22, J.-Merkli '23,...

Adiabatics for dephasing Lindbladians
Avron, Fraas, Graf, Grech '11, '12, Fraas, Hanggli '17,...

Perturbative results for Lindbladian dynamics

Ballestros, Crowford, Fraas, Frohlich, Schubnel ‘21, Haack-3J. '21,
Benoist, Bernardin, Chetrite, Chhaibi, Najnudel, Pellegrini '21,...

Thank you!
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Recall: Y.(t,5) € BRBX)), 6>0

0 (1,5) = W (0,) LW |(1,0)P (1, 5),
Y@s,5)=0,0<s<1r<1
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Recall: Y.(t,5) € BRBX)), 6>0

0 (1,5) = W (0,) LW |(1,0)P (1, 5),
Y@s,5)=0,0<s<1r<1

where Z!:=2,0Z'2,H, Py0) proj. onto ker??

1
L) = —ilHQ), - 1+ Z NORBORUHOORY
= LU+
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Ez*:z::;i;r; More on Reduced Dynamics ;/f! i
Recall: Y.(t,5) € BRBX)), 6>0

0 (1,5) = W (0,) LW |(1,0)P (1, 5),
Y@s,5)=0,0<s<1r<1

where Z!:=2,0Z'2,H, Py0) proj. onto ker??
L) = —ilH(@) ~]+gZF-(t)-F*(t)—l{F*(t)F-(t) 3
t ’ - j )\ J e
= L9 +gZ)(+)

Generator: G, =W (0.0)P(NZ| PO (1,0)
{P1(0), Px0),...,P0)} basis of Py(0)B(F)

where P =|p0O)Xp)]| s.t. HOe(t) = e 1)

ETH Zurich, 17-21/7/23



UNIVERSITE INSTITUT

Eﬁ.’;‘;‘:b'e Classical Markov Process \Lfﬁ FOURIER

Lemma: in this basis ¢, is (the transp. of) a Q-matrix
|<€01|F1€01>|2— ||F1€01||2 |<€01|Fz€02> . <€01 Flé”d) .
Z |<¢2|Fl€01>|2 |<(P2|F1(P2>|2— |Fz€02||2 <€02 Flfﬂd> .
l 2 2 2
{0, T 1) | (@, Ty,) | {1 T |~ = 10,0,
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UNIVERSITE INSTITUT

E,‘i.’;z:b'e Classical Markov Process \Lf]a FOURIER

Lemma: in this basis ¢, is (the transp. of) a Q-matrix
|<€01|F1€01>|2— ||F1€01||2 |<€01|Fz€02> ? <€01 Flé”d) .
y [ {@, I Tip1) | {0, | T2} |7 = IT 512 (@21 T I
I ,
{041 T01) | [ {@a| Do) | {41 T |” = IT 04112
Corollary:

Ys5(0) lspanip,0)....p 00 Transp. of a stochastic matrix
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UNIVERSITE INSTITUT

Eﬁ.’;‘;‘:b'e Classical Markov Process \Lfﬁ FOURIER

Lemma: in this basis ¢, is (the transp. of) a Q-matrix
|<€01|F1€01>|2— ||F1€01||2 |<€01|Fz€02> ? <€01 Flé”d) .
Z |<¢2|Fl€01>|2 |<(P2|F1(P2>|2— |Fz€02||2 <€02 Flfﬂd> ?
l 2 2 2
(@41 Tsp1) | [ (@41 Tsp2) | (@ Tpa) |~ = IIT @I
Corollary:

Ys5(0) lspanip,0)....p 00 Transp. of a stochastic matrix
e Cont. Markov Process:

(X))o on classical state space {P)(0),---,P(0)} = {1,2,...,d}
s.t. P, = k| X, = j) = tr( PO (1,0)(P(0)))
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Be Example for =2 [ e
Assume 2 KAOIRYOIZI0) |2 = Z | (@) | T (D, (1)) |2
[ [
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Bis Example for d=> ilf s
Assume 2 [{p,() T (Dy(0)) |> = Z OV OIACHIEESI0
[ [

w GO (1, 5) = y(t)(_ll ! 1> Y (1, 5)
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Bi Example for d=> e
Assume 2 [{p,() T (Dy(0)) |> = Z OV OIACHIEESI0
[ [

w 00, (1,5) = y(t)(_ll _11> Y. (1,5)

1 1 1 e_gf(t) }/(S)dS 1 . 1
Fs(t.0) | span(p,0),py0)) = 5 (1 1) L 1 1
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Boce  Example for d=2 j [fLesm
Assume 2 | {1 (D) | T (D)) |2 = Z [ {r (D) | T (D (D)) |2 = y(?)
/ /

w 60W (t,s)=y(t)(_11 _11>‘P(t,s)

1 1 1 e_gf(t) }/(S)dS 1 . 1
Fs(t.0) | span(p,0),py0)) = 5 (1 1) L 1 1

For po=P,(0)

U (,0)(P,(0) = ri(DP,(t) + r,(OP,(t) + O(e + g+g%/e) if g<xe!?«1

where (1) = (1 + e 2lrdsy 2 () = (1 — e~ o752
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Bi Example for d=> e
Assume 2 [{p,() T (Dy(0)) |> = Z OV OIACHIEESI0
[ [

w 60W (t,s)=y(t)(_11 _11>‘P(t,s)

1 1 1 e_gf(t) }/(S)dS 1 . 1
Fs(t.0) | span(p,0),py0)) = 5 (1 1) L 1 1

For po=P,(0)

U (,0)(P,(0) = ri(DP,(t) + r,(OP,(t) + O(e + g+g%/e) if g<xe!?«1

g 1 — 28 (1 y(s)ds
where r(1) = (1 + e~ h7@ds)2 1) = (1 — e~ lor®dsy/2

=

P(H—gle | g y(s)ds((P;(1) — P,(1)) + O(e+g2%/€?), g<e

UEO)(P,(0) = { | o §
S (Pi(0) + Py()) + O(g~/e” + (€/8)%), e g<e
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