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some facts about Anderson model and integrated density of
states

Anderson model arising from the H2? supersymmetric
sigma model /vertex reinforced jump process

Integrated density of states in this special case



Anderson model (discrete random Schrédinger)

electronic transport/wave propagation in disordered systems

the model on Z%: H = —A + AV € RZXZ" random op.

sym
> —A = lattice Laplacian (2%)—~¢*(z%), —Af()=X 5_ ;=1 (f()—F(k))

> (VF)(G)=V; (), {Vs};eza random variables with prob. distr. dp(v)
— Var(V;) = 1, P translation inv. and V' (almost) indep

> )\ > 0 parameter
heuristics:
> =0 H=—A a.c. spectrum, delocalized eigenvectors

> A1 H~AV p.p. spectrum, localized eigenvectors

Question: intermediate A7



Some results
» d =1 localization VA > 0
» d > 2 localization

> Y\ > 0 at the edge of the spectrum
» for A > 1 in the bulk of the spectrum

» phase transition on the Bethe lattice:

» for A > 1 localization
» for A < 1 delocalization in the bulk

Major open conjecture: on Z¢ d >3
for A < 1: delocalization in the bulk of the spectrum



Integrated Density of States: N(E.H):= lim N(E,Hp,)= lim E[N(E,Hp,)]

drd weigenvalues<e T (1(_oo,m)(HaL))
Ap=[-L,L]*NZ°, HAL:H\AL N(E’HAL): & AL = AL <

o V iid. dP(V)=[1,cza #(V;)dV;
» universality at the edge of the spectrum: Lifschitz tails
if o(H)=[E(,0) a.s. then for E~E,
N(E,H):cle*%(E*%f% < N(B,—~A—Eo)x(E—Eo) %
mechanism: many V; small — very unlikely
» information on the spectral type?
» Lifschitz tails = localization near Ey, VA >0
» N(E,H) cannot see the phase transition a.c/p.p :
E—u(E) regular’ = E—~N(E,H) 'regular’ va>0

e IV not i.i.d. Lifschitz tails may disappear
—our case: 2— independent V;



Anderson model arising from H?2?

the model on Z%: Hz =23 — PV ¢ RZ'XZ* pandom op.

sym
> (PW);=Wi;Pij, Pij=1)i_j =1 Wi;=W;;>0 edge weight

> (Bf)(45)=B;f(3), {Bi};ez« Tandom variables with prob. distr. dr(s)

finite volume marginal of ap(g): A C Z? finite [Sabot-Tarrss-Zeng 2015]

_1 —1
de,A(ﬁ):(%)lM 2((1,H[37A1)+(71,H/;7An> 2<n,1>) H]‘ dB;

1
lrg pa>0 (ot Hg A1 /2 €

> Hya = (Hp) |, (£:9)=%;e4 fi9)
P 0= an.ik—j—1 Wir “wired boundary conditions”
finite volume Laplace transform.:

=15 (\/1+F;-1) — Wi (VI Fi/TFF; —1)
Ea (B =11 ¢ J In e ij Fi/1+ 75 . fi>—1
[ ) JEA VIt li-jl=1 !



some properties

» the r.v. g are independent at distance 2
> 31p(3) on R’ with marginals dvw A (8) (Kolmogorov ext. thm.)

> Hp 2>0,8,>0 Vi,Ho n=—P": hence 0<8;<1=8;>1 for some j#i

= main mechanism creating Lifschitz tails broken

Constant weights w,,=w>0 v|i—j|=1.
> H; is ergodic and o(Hz)=[0,00) a.s. [Sabot,Zeng 2019][Rapenne 2023]
> Hz=2-WP=W(-A+28 —2d)=W (-A+\V)— we consider %:%—P
» heuristics: here w enters in P(g)

2d W>1 <1 W>1

B[ | =2d+
H>1 Wil >1 w1
strong disorder w<1: 52~28 weak disorder w1: Z8~2d—pP=—a

H
8 _ _
STE=E-AHAV, A=



Origin: supersymmetric nonlinear sigma model H2? (zirnbauer 1996]

originally introduced as a toymodel for quantum diffusion

Model in finite volume Acz?

» spin 5 is a (super)vector S=(z,y,2,¢,n),

z,y,z even, ¢n odd elements in a real Grassmann algebra
(8,8"y=za’+yy' —z2'+&n' —ng’
nonlinear constraint (s,5)=—1=z=+/14+22+y2+2¢n

n; >0 magnetic field in direction e=(0,0,1,0,0)

vV v vy

“Gibbs” measure:
dpa(S)=IT);_ ;- Wiy ((55,85)+1) I, i e SDFD 5((5; 8,V +1) dSa



From H?? to Hy

e horospherical coordinates: (z,y,&,m)— (u,s,9,%)
dpa (S)—dpa (u,s,1 )=
o Slij|=1 Wij (cosh(u;—u;)—1)=32; n;(cosh u]‘*1)]e—%(swl\/fﬂ)—(l/j«MW) (duefudsdll_ldll))l\
(s,Ms)= Wijeui+uj (sifsj)QJr‘Z "ijeujsjz‘
li—jl=1 JEA
e u—marginal:
dpa (w)=e~ S jl=1 Wij(cosh(u; —uj) —1) =5 nj(coshuj—1)] /= H o dun

2,3(“)1':‘ EI Wyje k™ i 4n e "
k—j|=1

o H?? & Hg: BY[f(5(u)]=E;1f(5)]



From H?? to vertex reinforced jump process (VRJIP)

VRJP (Werner 2000): continuous time process (X;):>o on Z.
P( Xy ar=3] Xo=i1,(Xs)acs)=dt Wi;(1+L;(t))+o(dt)
Li(t)=[!1x,-;ds= total time spent at j up to time ¢

o H212 «s VRJP:

VRJP in finite volume A=mixture of Markov jump processes

PYRIPLY = [BY [ ldpa(w),  W(u)yy=Wije“it

— u—marginal=mixing measure for VRJP [Sabot-Tarrés-Zeng]



three related models: H%?, VRJIP, Hj

Phase transitions in d > 3

> H212: disordered for W < 1 ’ordered’ for W > 1

[D.-Spencer, D.-Spencer-Zirnbauer 2010]

» VRJP: recurrent for W < 1< transient for W > 1

[Sabot-Tarres 2013]

Conjecture: phase transition for Hg in d > 3

» localization W < 1< extended for W > 1

only localization proved [Collevecchio-Zeng 2021]



H
IDS for Wﬁ

Theorem [D.-Rapenne-Rojas Molina-Zeng 2023]

» phase transition in d>3 : N(B)~VE for w«1 < N(E)<E for w1
» no Lifschitz tails in

d=1 (any disorder W > 0)

a>2 (strong disorder W <« 1)

Precisely va>1 we have:

(B)<2/XVE YW >0,E>0
(BE)>cw (|log E|)"VE  YO<W<W,.(d), 0<E<Ey(W,d)
Note: w.(1)=c0, We(d)=S,d>2, C

N

N

_ VT
r(1/4)23/4

On the contrary vd>3 we have:
N(E,Hs)<C'E VE>0,W >Wy(d)



lower bound: strategy of the proof

ON(E,Hs/W)=N(

P((HP A, )7 (0,0)>5t5)  VL>0
HZ n,=Hp np +Madan, Maq—n f(§)=(2d—n;)f(5), ni=3"|_sj=1,kea L

no direct info on (HZ, )~'(0,00— use info on H; '} A, (0,0)

® 0<(HE )7 (0,)<H ) (0.5)V) (rand. walk repr.) hence

— — —1 .
(HZa, ) H0,00>HS ;L(o,o)—(zd—nw Yicon, HEWAL(O,])2
o W<1I=P(Q0e): _]P’(H (o,g)<e*L‘J‘v]eaAL)~1

® 0N Quoc, Hy 'y (0,0)>4=(HE )7 1(0,0)> 4 —L e 2E> 5

SP((HE ) 7H0,0)> )>1P>(H5§\L (0,0)> ﬂQ,oc)



lower bound: strategy of the proof

.. _(a—y)?
e conditioned on Bye (Hg, AL)*l(o 0)=1% dpa(y)="hAze ¥ dy
(0,3)
c 7B AL
a= G(BO ) ZJE@AL Hﬁ (O O)
((Hﬁ AL)7 (0 O) )>]E[1nloc -]0 dpa (y)]

add to Qioc 1 (Hp,a,) " (0,0)<et/?

=0<a<Ke “*/2  P((HE,, ) ' (0,0)> w5 )>E[la,,, [ cr doa(y)]
using the bound on a

(a=y)?
WE wE e wE o
Jwezer dpaW)=F= . mcr e 2 \/lgdy:fWe*CL \}ﬂdyz E




upper bound: strategy of the proof

e in finite volume N(EW,Hps )<y 5,0, Bwia, [cpaj (QWE)]

L,..= Lévy concentration of the conditional measure p, . s..
Paj g (ﬁjc>
L. (e):=sup, p([z,z+e])

ed>1:use Lo, (e)<evE

od>3:use p ()<A= (%-&-ﬁ) together with (use relation with w22
and u—marginal)

E[l/a]:Eu [57u0 H;(lu),AL (070)]SC/W



Some open problems

» d > 3: complete the phase diagram for IDS

» spectral phase transition for Hg from the phase transition
in the IDS?
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