Geometries and symmetries of elliptic Feynman amplitude
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Section 1
A general discussion of symmetries




Symmetries of an amplitude

> Lorentz invariance (well-defined
probability interpretations, regardless of any
reference of frame)

> SU(3) or singlet (color-charge
conservation)
e T\ o)y = |d) = T|dy=0, T°= ) T
ie{in&out}
> SU(Z2)(massive) or U(1)(massless) tensors—
little group covariance

P, =, PP, =, P)HIP, = Py =,IP))R!, ReSUQ)
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Bhabha scattering Sc" 23"

*Symmetries: SU(2) little group covariance

S( ) — W 3, 4% Ja —\_/—V Jy W J¢ 5(13.1132/ _333/ A:M)
W e SU(@))

> Regge Limit s, m” > t [Korchemsky 1996]
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Naive picture: Amplitude as sheaf of germs of analytic functions

(Z(B), g) over kinematic base space
[s:1:...: m”] € Base space = CP"\ {kinematic branch points}
Kinematic branch points=linear varieties

Question: The amplitude, as a geometric object, what is it’s automorphism group?—
the deck transformation, automorphisms of covering

{ Deck \ T T efe Pail Produceio
N
OCZ(B) — K T 57 ; Compton
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Deck transformation~Monodromy, for Galois covering

> GTM202, for a normal (Galois) covering:

Nyz- (Q*ﬂ (Ea e))
Deck(E KN B) ~ 1(5) (El ) norﬁmal (B, b)/q:r (L, e) normal Monodromy|
{7\, €

E = amplitude = sheaf of germs of analytic functions!

(s:t:... 2] e B = CP"\ {kinematic branch points) g7 (E, e) : isotropy groups of the monodromy action
e.Cf)x |
Deck \) a path Ny (B.b) (q*irl(E, e)) : the normalizer
E =
Llft
aﬂb‘yt\c

continyation

Lx «— a loop
cfa N B 6

vy




Example: uniformization of the ‘amplitude’ &/(x) = X3 ,x € C\{0}

Method 1. Space of non-equivalent paths  Method 2. Modulo from universal cover

2m1Z

x3e4”’/ 3 e covering map p from C to C\{0} : x =p(z) =e¢

271'1/ 3

.S
Y
' De ck
1 n;;;,‘,p;ﬁ-’f Z C
: e \ A

i
Deck = {(),(123),(132)} < S; ~ Z/3Z 1/3 '_> es” P
Li€e q ~ Group of 3th roots of unity q

x € C\{0}
"eclurtant symmetry . z+3n, NEZ

A 7[1((]:\{0}9 ) =7 37 :ﬁCDeckpznl(B,b) =
H=37<Z




The idea of the deck transformations at amplitude-level is useless, nor did we know if the
covering to the kinematic base space is normal(Galois)

Section 2
Symbol letters of an amplitude




Symbol letters from canonical forms

> Amplitude through canonical bases Residues and periods

(

A(s,1) = ) Rls, 1) X (s,

—— 5 cononico\  baseg

> Canonical form for the differential equations [Johannes M. Henn 2014]
dJ = e M(s,1) - J

> Kernel M(s, t) as linear array over the symbol letters w.(s, 1)

M(s, t) = 2 c; Xw(s, 1), ¢e€Q, dwl(s,)=0

l
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The role of the symbol letters

> They are closed 1-forms which encode the analytic structures of a Feynman amplitude,
an example for Bhabha scattering:

ds ramified covering dx (1 — x)?
— T, S = h(x) :=
1/_S\/4m2—s h: CP — CP X X

P~ (2m, 0,0,QMf‘esholol branch point S— &m?

> They are in general multi-valued! After uniformization, they have at most simple poles!
Integrating over simple poles generates logarithms, this is why QFT has at most logarithmic
singularities!

10



Symbol letters for the planar Bhabha

> The square roots |1307.4083, 2108.03828]

rS=\m\/4m2—S, rt=\/jt\/4m2—t, ru=\/—s—t\/4m2—s—t
> Coordinates on the elliptic K3 surface

11 K3: 72 =+ y)(xy+ D((x + y)xy + 1) — 4xy)



A typical symbol letter (closed 1-form) for the non-planar Bhabha

] —44/(t — D)1(25* + 3st — 105 — 2t + 8)
S X
(s —4)s@d —n(s+1—4)
- 25°1% — 457t + 80s” + 5°1° + 25%1% + 28857t — 4805 + dst” + 34651° — 122451 + 6405 + 1697° — 7761 + 4001

| T(s,1)
4s—d)s@t—4d)(s+r—4d(s+1)

T5(s, 1)

§312 — 253t + 853 + 25213 — 105212 + 5652t — 6452 — 251> + 81512 — 260st + 1285 + 4913 — 26412 + 2721

| (s — 4)s(4 — 1)2(s + 1 — 4) 2V = .

o=y =Hr_  (s+D@s+1—4) va=4Hr
oo as@ o PO G ass s — a1 OO T T e T Y

2s+1t—4 3 2s+1t—4 , 1
| T7(s, ) 1 T,(s, ) T5(s, 1)
A(s —d)st(s+t—4)(s+1) (s —d)st(s +t—4)(s + 1) | W(s, 1)
252 —st> + 11st —4s + 7t> — 8t — 16 — 512 + 10s5%t + 852 + 12s1% + 40st — 325 + 817 + 39¢% — 92¢
V(@ — DY (s, 1) + T,(s, 1)
4 —-0)(s+1—4) 4t —Pt(s +t—4)(s + 1)
| s+ 1 T,(s,0)T5(s, 1)

Yi(s,1) ts+t—4(s+1) P, 1)

Y(s, 1)

+dt><{2

3 , 1 , '
_4t2(S + 1 — 4)(S + t) Tl (S, t) | tZ(S - 4)(S + t) TZ(S’ t)Tl(Sa t)_

4 —4
| \/(Z ) T5(s, t)}
4-0s+t—4)

12



The period function (mapping)

Naive definition: period functions are complete elliptic integrals of first kind,
e.g.,

E, : Y’ =XX-1)X-21),1eCP\{0,1,00)
tdX

P (1) EJ' = —2K()
) Y

Y(A) is multi-valued, it has branch cuts at 1 = 1, oo,
e.d.,

W1 +ix) 29 ’?” +41n2+Inx, YA +ix) =% _l?” +41n2 + In(—x)
Question: How is W (1) related to a Modular form?
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Section 3
| C SL(2,7) Modular groups and Modular forms

14



Modular forms & Hyperbolic tessellation

Our goal: uniformization, that is, to find the proper domain for the multi-valued period function W¥(_ ) such that
on that ‘domain’ ¥ ( ) is single-valued!

How can we relate examples
1. and 2. to modular forms ?

> Example 1: 1-dimensional

E :YV’=XX-1DX-21),1eCP'\{0,1,00}
v dx

Y1) = | —= =2K()
Jo ¥

> Example 2: 2-dimensional

YZ

<X2 — 2t it4 X+ (St__?“) (X* = 2(s = 2)X + s(s — 4))

[s : ¢ : m?] € Base space = CIPZ\{kinematic branch points}

4K< 4m? )
\P ( S ! ) 2 [83 dX 2m? + \/—mzs(stt;_4m2)
bhabh , a4 _
PN 2" m2 e, Y \/(61 — e3)(e;, — ey)




Uniformization & hyperbolic tilling of the Poincarée disk

O\ «———  CP'\{0,1, 00}
W, /¥,

16



Uniformization & universal family of curves

Equivalence between the two universal families &, and £ [2]

f[Z] AN e
%F(Z)\IH] T — E 2] pa—— ' N a 2
© Q \\ | J N

y)
['(2)\H CP'\{0,1, o0}
¥V, /¥,

Eron = (Z7 X T(2)\C x H
E2]: Y =XX-1DX-Ar)), t€TQ)\H

E :Y"=XX-1)X-21), 1eC\{0,1}
17



Uniformization & universal family of curves

The equivalence between the two universal families &1 4y and £,

f[4] AN e
%F1<4>\H W E [4] pr— Y R AN $
A
[} (4\H CP'\{0,1, 0}
W, /P,

Erawm = (Z7 X T (HN\C x H
E[4]: Y = (X" - D(X*—1,(r)), te€Tl(4)\H
E :Y" =X -DX"—1), 1eC\{0,1)

18



Algebraic realizations of Kronecker’s differential forms

Given some congruence subgroup e.g. [ ';(4), on which family of elliptic curves such that the
relevant torsion data of I ' (4) is realized?

. Abel maps /\/ \fz
T
: "

>
Hauptmodul 7,

Eram = (27X TANC X H E, == 1)(P—1), 1,€C\(01)
(2,7) = ( , 14)
2 2 2
05(q) — 0;(q)

1,(7) =

. . 03(q) + 63(q)

ISsomorphism , ,
(Z) _ 264 (09Q)91 (7TZ, Q)

2 T X T . 2 2 ’ 2))? ° — 63 ° 92 ’
indr — : : dt,, 2ndzw~ d FF (X, 1) d 93 (O 9 )‘91 (7Z'Z Q) 92(0 Q) 4(71.Z Q)

8 1,(1 — 1) K2(z)) 2K(ty) y 2K(1) 19



Uniformization & universal curves on ./ | ,| N]

[E_,(t/N+ A_,1/N+ A))] [E_,1/N+ A_] [E_,(1/N+ A))]
0 1 /4 () Aut(Z/NZ) = (ZINZ) *
Section 4
Uniformization & universal curves on ./ || V]
[E.,(t/N+A_,1/N+ A)] [E.,1/N+ A (E.,(1/N+A)]

wf ™/ - =y

0 1/4 0 Aut(Z/NZ)= (ZINZ)*



The universal family of complex tori
Ery = (Z2 X TO\C x H

» 7% X I'is isomorphic to the following action

Z+mrt+n
< | I m n ct+d
2
<T>|—> y 0 g bl= y .7 , m,nezZ-, yel
1 ¢t O C d 1

. ez e's
> |s each fiber a complex torus? _
—1 ¢ I" and that the action of T" is free . C :
Z, Z,

potential candidates: I';(NV),with N > 3

21



Poincare polygon theorem

Geometric construction by the Fuchsian Triangle Group I

o0 OO0 OO

A = Fundamental triangle

___3(’——*—'—%

\ () 0O 1
A < H : Riemann Mapping Theorem / /

~ R: Schwarz Reflection \_\

r: Schwarz Reflection Principle

AUA"UIAUA) 2L HUH UR\{0.1, )

: T 3\ ue‘o

Tiling by I

woose 21 R) 2 2*7 “—




Elliptic curves with extra torsion data

x ¥ > Period mappings for a family of elliptic curves

E :Y>?=XX-1DX-2),4e CP"\{0,1,00}

(1 =21=2)°

i) = 256 yETIE

which is ramified at 1 = 0,1 and oo, each with ramification index 2 so that deg(j) = 6 = [PSL(2,Z2) : I'(2)]

" dX

1 (P ) A ﬂdX

X .
¥, _iK(1-2) Schwartz teflection T1(H)= J —~ =2K@), ¥4 = L — = 2iK(1 = 2)

O = Fundamental Quadrilateral <=

v, K 0

Monodromy=Analytic continuation, the next steps is to show
the effect for the analytic continuation of (1) is equivalent to

to1s=p-t,p€Il'(2), sothat H=U{p-0lp el (2)}
23



Torsion data from monodromy group

> Picard-Fuchs differential equation

d2 p e.((")xw
4/1(1—/1)0%2 | 4(1—2/1)d/1 1Y, =0, i=1,2 9
e x
| Lif t
» Monodromy representation Pirlin] = P Py a“';wc
Continyation
p . 7T1(X, . ) — GLz(C) SN Tes — p[O] T Deck b x@
— cf)
[y] = p[;/] . lHI

A
T
> Images of the generators in PSL(2,2) l /T\>

FO\H <«———  CP'\{0,1,c0}

12 10 ol
Plog) — 01/’ Plo = ~7 1 > Covering automorphism group
— » 1\ structure theorem
p(r(X,-)) = (p[QO] ,p[01]> = Deokfng]) ~1'2)~ Z*7Z ~ Deck,(H)
N

> Covering space quotient theorem



Pullback of the period function

Deck =T(2)

H ~ D

| *

JU
A
Y(2) = TQ\H ——— CP'\{0,1, 00}
A=W, /Y9,
fdx TSR
lPI (/1) — 7 — ZK(/I) A(t) : Modular function for I'(2)

0

(A*¥¥))(r) = ¥,(A(r)) =(=0;(0,7)

25



CPA\Z & (Z> X T(4)\C x H&S y’ =G> -Dx*—1). 1, €C\{0.1]

* s
2 Qs
CP\X < &z; < %

Er = (Z° XN (H)N\C xH E :y'=x-Dx*-1), 1,€C\{0,1}
(2,7) = ( ,14)
ifematic base Space. 20 is the union of
(s:1:m2] € CIPQ\Z lineat Vvaftiaties, oven

by the zefto locug Cf@
ineat equations, .9,

2=S Tt =0 VLSt~ Y=o ().
20



Unified description of Bhabha and top quark production (for several sectors)
through canonical coordinates on Moduli space ./, ,[4]

S
[

—4 1 — 2
Y? = <X2—2tSt4X+(St j”> (X*=2(s =2 X +s(s=4)) ~ Ly g Y= (X>=200-2)X+1(t - 4)) <X2+2X+1—4z—4( L )
- - - T Ry
16 1+t(s;|—t—2)
4K . 4K v 2
2+\/—s(s:t—4) ; 3—t(t—6)+4(1;t) +8\/1+Z(S;I—t—2)
Wohabha (5, 1) = . ‘Ptquark (s,1) =

The two processes are
02(0,q) 05(nz, q)0,(nz, . .
700.4) 05wz, 404z, @ partially described by the

—
2 0(nz,q9)0x(7z, q) .
same set of function space!!

v T Ly (z.7).Vy € T',(4)
VTS 2,7),
bhabha o+ d 4 T+ d bhabha - 4 1

‘thabha (Z’ T) — lPtquark (Z9 T) —




Algebraic realizations of the moduli space ./ ,[4]

4 O N
(]:[FDQ’\Z @ %“ >§

&y = (Z> X (AHNC x H E, :y*=2-1D*-1), t,€C\{0,1}

(z,7) = ( » 14)

- CP*\X < universal family of complex tori

G A1 HRX(24D) 4(—-14+R) X Rx A
B 24+ A4+RXA T (=2+RXD(=2+A1+RXAI
703(0,q) 05(nz, q)04(nz, q)
‘Ptquark (29 T) — \thabha (Z’ T) — 9) 9) 4
2 0/(nz,q)0)(nz, q) P 05(0,q) 0i(xz, q) 4 05(0,9)
02(0,q) 03(nz,q) 04(0,g)
> CP*\X < universal family of elliptic curves
1+ 2,)(1 — (% =1
S=2( 1)( X), 4 (X )
\/t4 — x° Ih —X (t4 — .Xf)(t4 + X)

K(ty), 4K(1y) = 27?932@2) e M ,(1'1(4))

lIthuark (29 T) — lehabha(x’ t4) =2

V1 —x2

28



A translation table for 1 '|(4) [ ..., 2023 < J.Broedel, C.Duhr, F.Dulat, L.Tancredi
2017,...,D.Zagier 1991]

» Meromorphic dlfferentlals on the base space modular curve ./ 1. 114]

dg | | dg dt
. 2 0@ = (0D + 04 D) L | dt;, ©,i(e™q 6’467”2—I—> -
Weight-2 g7) " = (65(9%) + 63(¢")) p o T ) Y O q)q g,
. dg 1 dg 1 16 K?(t,)
> Weight-4 Ors(g)— = — (63 +98 + 62 — 8( —1) t
9 2(9) "= (65(q) + 63(q) + 63(9)) — paladl Ca ey 7 d
. . . . 1 dx
» Meromorphic differentials on moduli space A | ,[4] 7w =kwxo, || W
’ - = — 1
. . = @ dx r dt £ ] 1 2L |
> Weight-0 & Weight-1  2zdz A FF(x, 1) >, indr AN dz,
2K(1y) Y 2K(14) 8 14(1 — 1) K=(1y)
. -~ 1 -2
~ Weight-2 Kro dx (0 — 1) ly+ X > d <_ g2 >
J 0y (& T) x< y T Sar ) T\ g m W )+ g 24(t4— iy
, - ke 21— 1% X 1/ 3(t,— 1t |
Weight-3 2riw’™(z, 7) - dxK(t,) Y4 " gy, t) + 2@, — D, <x2 o 1+x> F 1) +— < x‘;_ . LA 2>
2 2253 b=ty 22—ty \ 1 x? (1 —1t,)x 1 x ]
+dz,K(2y) (1 1) F (X, 1) + (2(x2 . + : ) F(x, 1) + v (2(t4 Y + 602 — 1) + 20— 1) 6)
. i - 8 (1-— )3 _ 1\ 2 3t,(1 — 1) F(x, 1,)
Weight-4 - @riyw .7 - de2<r4>[ L, 1) — 4(1 - r4>2r3<xzit4_ 1+x>"2(x’t4)+§“4‘”t4< o _’”2) 2
_ 1 Z,(x,ty) xY t 3 X p) _ (1 —1) (31,(1 —1y) o
T ty) = 4ty \f1; — 1 201 — D)2 — 1) 3 (xz—t4 +(1_t4)(x2—t4)2> + Ak lg(l_t“)gtjﬁ(’c’ Wt < X2t _t4+2> Fn1)
4K(ty) = 27:932(q2) e M ,(14)) (1-2)%x 1 15(2 — 1) 3()(t4—4x) 7 8

2<

+ —(ty — x*+ 1
32—, 3T 2

|
—F(x, 1)) +
)i

1
120

(X2 — 13)?

fH—1

; +7)

Iy




Section 5
Pull back of the symbol letters to .7 1,2[4]
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Pullback of the closed 1-forms for Bhabha

ffo  CxH

f *| f[4]\

» Fundamental differentials

0, CPA\X
= dr —1 L0 g ( SRl TG, 0 2V~ 1Vdm? — ¢ 1 )
W = 412(s + t — 4m2)(s + 1) WP, 1) ’ 4s(s — Am2t(s + 1)(s + t — 4m2) W3i(s, 1)  s(s — dm2)1(t — 4m?2) WP (s, 1) )

dt (s — 4m?)s — ds t(2s + t — 4m?)
O
T 25t%(s — dm2)(s + t — dm2)(s + 1) P(s, 1)

K °K

w, — irdt and w, — 2adz

—t  —48m* + 4dm3s + 2s% + 12m?t + st
Am> =t \[ZAm2 =t (t + 5 — 4m?2)

—1 4s% + 4s(t — 4m?) + 1(t — 4m”) ¥, -8t (51— 4mAs+9 0,

; NarNrres V=tVAmE =1 (t + 25 — 4m?)

31
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T,(s, 1) = [ds [



Pullback of the closed 1-forms for Bhabha

» 4-dimensional cubic lattice Z~

\/ (s — 4m?)s 25 4+t — 4m?

t\/ (s +t —4m?)(s + 1) : \/ (s — 4m2)s\/ (s +t—4m?)(s + 1)

J* 7l dq 7l dq
Wy > 20 z4(e q5)— = 2‘9?(6 qg7)— € M H(11(4))

q q

~ Jacobi’s four square theorem Q = Z*
Og(r) = Y XMl = N y(n k)Y, rn ) =#{veZ' : n=vi+.. +V}}, Imr>0

xel) n=0

O(1) =) = rnd) =8 Y d, n>1
35 0<d|n ,44d




Pullback of the closed 1-forms for Bhabha

1 Ti(s,0) 2(s — 4m?)
212(s + 1 —4m2)(s + 1) WAs, 1) (1 —4m2)(s + 1 — 4m?)

0)41 — dt

2 i
25 + 1 — 4m> THs. 1) \/ (1—=4m?) T (s,1) 2625 + st + 4m>s + 12m%t — 48m%)

tds | 2(s — 4m2)st(s + 1 — 4m2)(s + 1) PUs.0) (s — 4m2)s(dm2 — 1)t ¥ (s, 1) (s — 4m?)s(t — 4m*)(s + 1t — 4m=)

- 1 1_ 1 1 1
> D, root lattice Dy=-(1+i+j+kZ@iZOJ7OkZ =70 iZ&iZ & kZ

f* g Kro o 4 dg
0y V> 80); (2z,q) — 860; (2z,9°) 1 ; ®D4(q2)

q

Op,(q°) = 05(q°) + 05(q%) € M(T(2)) C MH(T'(4))

33



Function space of symbol letters for Bhabha

> square roots from lower sectors

{\/l—xz, \/t4—x2, Vi, V=i, ¢1+z4}

> [ranscendental objects

0 1 —
. K(1,) o« F(x,1,) c ft) Lo 7B k)

34



= o~ o

CP\X & % >

Eryawm = (2> XT(HNC X H E :y°=x-Dx>—1), 1 e€C\{0,1}

(2,7) = ( > 14)

Section 6
Uniformization of punctured CP?

35



A family of curves over punctured CP-

. The family of elliptic curves for Bhabha scattering, with coordinates [s : ¢ : m?]

E :Y'=X—-e)X—e)X—e)X—ey

st + 2\/m2s t(s + t — 4m?) St — 2\/sz t(s + t — 4m?)

e; = 4, e, = , € = , €4 =——
: - m2(4m? — t) ) m2(4m? — t) !

 What is the base space ? Answer: equating the roots in all possible ways. But Why?
Answer: cusps correspond to elliptic curves with nodes or monomial singularities

Union of the following linear varieties is deleted :

CI 2\2 S=(s,s—4,s+t,s+t—4,t,t—4YU{[1:0:0]}

36



The Mordell-Well group for a family of elliptic curves

> Theorem of Mordell-Well

Neoly e”iPtic curves over Q (or its finite extensions), the goup of

rational Points 1S ﬁnitelg generatecl

» Sections of rational points {[n]py |pg € AEL) T @ rZ,neZ} ~(Z,+)

=4 G=HGti=d

Po =

3 .
V2 i : €i s(s + 1) s(s + 1)
Es:Y g(el 64)<X 64(€i—€4)> | _
1 = 16 +1(8—-3t+s(s+1—4)) >
0= 4s(t — 4)(s + 1) I

37



Generators of the Mordell-Weil group as marked points

E

Ebhabha 4¢——f——Pp —yniversal

| |

CP\YX <——"f— HIN]

> The generator of Mordell-Weil group A(E,.;.,..) 2 T @ rZ

(s—4m?s (s —4m®s/m3(s + 1 — 4m?) 2]
. . m

=[X:Y:1]=
Po=1 ] [_4m2+25 ! (25 +t —4m?)2/(s + 1)

> Mapping to a universal family of complex tori

— —X 0%(0.q) 0*(nz, dm? 93(0,
(e, — eg)(e—X) _ 5(0,q9) 07(nz, q)  Modular lambda: m _ 5(0,9)
(el R 64)(62_X) 632(09Q) ez%(ﬂza Q) 2m2 n \/(—m2 —i0)s(s +t — 4m?) H§(09Q)

—1

Abel map:

38



Uniformization of punctured CP-

>, = {kinematic branch points}

ey . ) C X H
> Definition of the map fi4; : C X H = CP\X ”1 \]‘[4]A
. 4(—=1+R) X (=2 + 1) ' 4(=1+R)XRXA? f[4]
B —24+A+RXA (=24 RXDN=2+41+RxA) (Z>XI(4)\C x H — -— CPA\X
5 62(0.q) 6%(nz, g) ()
. . ) . . 6 \U,q) Uiz, - U
> Jiap i invariant under 27 X 14(4) == fry)is well-defined - K=, 5= 0 4= 840.0)

ct+d
» The period is a modular form of weight 1 under the action of 7> X T (4)

flzo 7] = fl(@non).p) - 2. 9], ¥m,n) € Z2,y €Ty4), ((mn)y) - (2.7) = (Z+W+" ,y.)

...

4
\thabha (s,1) = 4K [ )+ \/—S(S-_I—tt—4)
72(922(0,6]) Os(nz, 4)04(nz, q) N (Z T mr+n y - T)
2 O(az@by(nzq) '\ cr+d
39

1
= ¥z, 7),Vy eI'1(4)

Pohabha (2, 7) = T+ d



Summary and Outlook

> Summary

* Bhabha scattering—the first amplitude beyond genus 0 in QED

* Underlying connections to arithmetic geometries of elliptic curves, e.qg.
the hyperbolic tesselation and Mordell-Well group of rational points

* Unified description to several sectors of Bhabha scattering and top

quark production through moduli space 1,2[4]

* Correspondence between Kronecker’s differential forms and letters of
eMPLs

> Future applications

 Go beyond genus 1, Hurwitz automorphisms
* Elliptic integrals and modular forms in gravitational wave
physics

40
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Appendix



Isomorphism between universal family of complex tori
and universal family of elliptic curves

f X
‘ N,

>

Hauptmodul 7,

Eryawm = (Z2 X T (HNC x H E :y =x"-Dx*—1), 1 eC\{0,1)}

(Za T) = ( ’ t4)
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Reversed problem: how can one find a family of elliptic curves with given
monodromy e.g., the Fuchsian Triangle Group 1 ';(4) ? Answer: from ‘the book’

> Covering by Hauptmodul ¢,, {0,1, co} |i> {0,1/2.,0} € 0H

{ 2
7 l ~— ' (2) = («932(61) ~ «93(61))
4 T\ 0 + 02
[@\H «——— CP\{0.1,c0] @)+ 04
W, /¥, [ S. MAIER, 2006 ]

> A family of elliptic curves ‘from the book’
(t4(ty + 14) + 1)°
(1 — 1)

which is ramified at ¢, = 0,1 and oo, each with ramification index { 1 ,4 ,1} so that deg(j) = 6 = [PSL(2,2) : T'{(4)]

dX P iK<1 1?32)
,[_:HI(EA)_)C, r=—== +vh

E : YV =X>-1D)X-1t), t,eCP\{0,1,00}, j(t,)=16

ty

b Y 4./t
r 43 1 K( t )
(1 +4/14)?




Monodromy representations

> Picard-Fuchs differential equation

d* 1 1 d 1 .
| — + lPi =0 , 1= 1 32 t4
diz ty 1=t/ dy, 41—y 4 l \
Ly

—> |
: . ['(4O\H ——— CP'\{0,1, o}
> The monodromy matrices generators in PSL(2,2) Y

11 10
Pl = (O 1)  Ploy — (_4 1) > Covering automorphism group

— » 1\ sStructure theorem
p(m (X, -)) = (pos,- Pio,)) = DeCku(H) = T'y(4) = Z * Z ~ Deck,(H)
—_— > Covering space quotient theorem

> The pullback of the period function

10
W, (1) = 4K(t,) = 7(62(q) + 02(q)) = 270%(g?) = 21— (27)
aa  n(@On*)

e J,114), dim(AZ,1,4)) =1



The isomorphism between E_[4] ~ & (AN

> the Isomorphism ma C x H
P > EER fia o
fu ] I el -
(z7) ECXH+— [X: 0X/oz : 1| € E,[4] Jrap T
¥ (7) Erwmm ———> E[4]
2 2 Abel map
\P (T) — 27T92(q2) X(Z) — 294(09Q)91 OZZ? Q)
1 A 202(0,q2)0%(nz, q) — 03(0,q)0(nz, 9) ?}4@5
[ (4\H

- invariance under Z? X [''4) = f[4] is well-defined

fimlz, ] = fiygl(Gm,n),y) - (z,7)],V(m,n) € Zz,ye @), ((mn),y) - (z,7)= (Zt:i_:;n ,y-r)
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