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Outline

• Integrated correlators in  SYM

• Exact integrated correlators from Susy loc.

• GNO Duality (E/M duality)

• Large-N perturbative and non-

• Holographic interpretation

• Laplace-Difference equations

𝒩 = 4



What do we want?

Why do we want it?

How do we get it?



What type of correlators



 correlators𝒩 = 4
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� = 2

Amongst the many fields of  we have:𝒩 = 4

Null polarisation vectors for 
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1/2 BPS operators, super-conformal primaries in the 
stress-energy tensor super-multiplet
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hO2(x1, Y1)...O2(x4, Y4)i =
1

|x12|
4|x34|

4
I(Y )TGN (u, v)

We consider the (NON-PROTECTED!) 4pt function

 correlators𝒩 = 4
Amongst the many fields of  we have:𝒩 = 4
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Fixed by super-conformal symmetry
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We consider the (NON-PROTECTED!) 4pt function

Non-trivial function of u,v, coupling, gauge group GN
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stress-energy tensor super-multiplet



Why do we care?

Fun part = hard part

stress-energy tensor  gravitons≃

4-graviton amplitude in IIB (see later)
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hTµ1⌫1(x1)...Tµ4⌫4(x4)i



How to get a handle on



 Integrated correlators𝒩 = 4

τ = τ1 + iτ2 =
θ

2π
+

4πi
g2

YM

GN Gauge group (more on this later)

with  invariant Laplacian SL(2,ℤ) Δτ = τ2
2(∂2

τ1
+ ∂2

τ2
)

Pestun’ Susy localisation on  for 
massive deformation, m, of 

 partition function 

S4 𝒩 = 2*
𝒩 = 4

S4 ZGN
(m; τ, τ̄)



 Integrated correlators𝒩 = 4
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CGN (⌧, ⌧̄) =
1

4
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2
mlogZGN (m; ⌧, ⌧̄)|m=0

=

Z 4Y

i=1

dxiµ({xi})hO2(x1)...O2(x4)i

[Binder,Chester,Pufu,Wang]

[Chester,Pufu]
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Z 4Y
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dxiµ̃({xi})hO2(x1)...O2(x4)i

Pestun’ Susy localisation on  for 
massive deformation, m, of 

 partition function 

S4 𝒩 = 2*
𝒩 = 4

S4 ZGN
(m; τ, τ̄)
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[Chester,Pufu]
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C̃GN (⌧, ⌧̄) = @4
mlogZGN (m; ⌧, ⌧̄)|m=0

=

Z 4Y

i=1

dxiµ̃({xi})hO2(x1)...O2(x4)i

Very specific measures fixed by susy!
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CGN (⌧, ⌧̄) =
1

4
�⌧@

2
mlogZGN (m; ⌧, ⌧̄)|m=0

=

Z 4Y

i=1

dxiµ({xi})hO2(x1)...O2(x4)i

Why Integrated?

[Binder,Chester,Pufu,Wang]

We found an exact formula valid for all 
and all values of the coupling  and GNO co/in-variant

GN
τ

In this talk we will focus entirely on:



What did we find?
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CGN (⌧, ⌧̄) =
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Z 4Y

i=1

dxiµ({xi})hO2(x1)...O2(x4)i

For GN = SU(N), SO(2N), SO(2N + 1), USp(2N)

[DD,Green,Wen]

 are rational functions of t (back in a sec)B(1,2)
GN

(t)
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CGN (⌧, ⌧̄) =
X

(m,n)2Z2

Z 1

0

⇣
B1

GN
(t)e�t⇡ |m+n⌧|2

⌧2 +B2
GN

(t)e�t⇡ |m+2n⌧|2
2⌧2

⌘
dt

Using key-results of [Chester, Green, Pufu, Wang, Wen] 
and [Alday,Chester,Hansen]



Exact Integrated correlators
For GN = SU(N), SO(2N), SO(2N + 1), USp(2N)

[DD,Green,Wen]

First example of a non-perturbative and non-protected 
quantity in  valid 
• for all values of N
• for all classical gauge groups
• for all values of the complex coupling AND
• Montonen-Olive (GNO) duality covariant!

𝒩 = 4
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X
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Z 1

0
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GN
(t)e�t⇡ |m+n⌧|2

⌧2 +B2
GN

(t)e�t⇡ |m+2n⌧|2
2⌧2

⌘
dt

Using key-results of [Chester, Green, Pufu, Wang, Wen] 
and [Alday,Chester,Hansen]



Other Integrated correlators

[Paul,Perlmutter,Raj - Brown,Wen, Xie ]

 super-conformal primaries Δ = p
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CN,p(⌧, ⌧̄) =

Z 4Y

i=1

dxi⌫({xi})hO2(x1)O2(x2)Op(x3)Op(x4)i

1/2-BPS fundamental Wilson loop along great circle

[Pufu, Rodriguez, Wang]<latexit sha1_base64="42eY3gJ+ECDGGRyuJWbZR+uvolo="></latexit>

IN (⌧, ⌧̄) = @2
mhW i|m=0 =

Z 2Y

i=1

dxi⌫̃({xi})hWO2(x1)O2(x2)i



 Before The Nitty Gritty,

any questions?



SUSY Loc

Pestun’s  partition fct: 𝒩 = 2* S4

•  Classical gauge groups

• a parametrizes r-dim Cartan subalgebra, real variables

•  Vandermonde determinant, e.g. 

•  Killing form

• ;     also  ; 

GN = SU(N), SO(N), USp(2N)

VGN
(a) VSU(N)(a) = ∏

i<j

(ai − aj)2

⟨a, a⟩

τ = τ1 + iτ2 =
θ

2π
+

4πi
g2

YM
π Im τ = π τ2 = y m ∈ ℝ≥0
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ZGN (m, ⌧, ⌧̄) =

Z
VGN (a)e�2⇡⌧2ha,aiẐpert

GN
(m, a)|Ẑinst

GN
(m, ⌧, a)|2 dra

1-Loop Nekrasov



We want to compute:
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CGN (⌧, ⌧̄) =
1

4
�⌧@m2 log ZGN (m, ⌧, ⌧̄)

���
m=0
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Z
VGN (a)e�2⇡⌧2ha,aiẐpert

GN
(m, a)|Ẑinst

GN
(m, ⌧, a)|2 dra

with  invariant Laplacian SL(2,ℤ) Δτ = τ2
2(∂2

τ1
+ ∂2

τ2
)

SUSY Loc

Pestun’s  partition fct: 𝒩 = 2* S4

Goddard-Nuyts-Olive/Montonen-Olive duality
is the key player!



GNO Duality
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⌧ = ⌧1 + i⌧2 =
✓

2⇡
+

4⇡i

g2YM

Consider  SYM with gauge group  
and coupling

𝒩 = 4 GN

Montonen-Olive E/M duality generalizes to

With r the ratio of the length squared of long and short 
roots of the Lie algebra of GN



GNO Duality



GNO Duality



To appear shortly [DD,Vallarino]

GNO Duality



We consider only insertions of local operators
And only classical groups

GNO Duality



For  and  we have r=1 
 and  generate standard  

Montonen-Olive self-duality

SU(N) SO(2N)
̂S = S T SL(2,ℤ)
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⌧ ! � · ⌧ =
a⌧ + b

c⌧ + d

<latexit sha1_base64="4qAFn9TY8Jbf1HC+CAiQffAP34w="></latexit>

� =

✓
a b
c d

◆
2 SL(2,Z)

GNO Duality



GNO Duality:

Exact Integrated correlators

[DD,Green,Wen]

For  we find:   GN = SU(N), SO(2N)

Hence   for 
i.e. it is a non-holomorphic modular invariant function.
Spectral decomposition and ensemble averages
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CGN (� · ⌧, � · ⌧̄) = CGN (⌧, ⌧̄) γ ∈ SL(2,ℤ)

[Collier,Perlmutter]



For  and  we have r=2 hence under
 we expect  to go into  

SO(2N + 1) USp(2N)
̂S ⋅ τ = −

1
2τ

SO(2N + 1) USp(2N)

 and  generate self-duality group  i.e. T ̂ST ̂S Γ0(2) c ≡ 0 mod 2
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ŜT Ŝ : (GN , ⌧) ! (GN ,
⌧

1� 2⌧
)

GNO Duality



Exact Integrated correlators

[DD,Green,Wen]

Which implies:
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CSO(2N+1)(⌧, ⌧̄) = CUSp(2N)(�1/(2⌧),�1/(2⌧̄))

GNO Duality:
For  we find that:

 
GN = SO(2N + 1), USp(2N)

B1
SO(2N+1)(t) = B2

USp(2N)(t)

B2
SO(2N+1)(t) = B1

USp(2N)(t)  we expect  to go into  ̂S ⋅ τ = −
1
2τ

SO(2N + 1) USp(2N )



Exact Integrated correlators

[DD,Green,Wen]

Which implies:
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CSO(2N+1)(⌧, ⌧̄) = CUSp(2N)(�1/(2⌧),�1/(2⌧̄))

GNO Duality:
For  we find that:

 
GN = SO(2N + 1), USp(2N)

B1
SO(2N+1)(t) = B2

USp(2N)(t)

B2
SO(2N+1)(t) = B1

USp(2N)(t)  we expect  to go into  ̂S ⋅ τ = −
1
2τ

SO(2N + 1) USp(2N )



Exact Integrated correlators

[DD,Green,Wen]

Which implies:
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CSO(2N+1)(⌧, ⌧̄) = CUSp(2N)(�1/(2⌧),�1/(2⌧̄))

GNO Duality:
For  we find that:

 
GN = SO(2N + 1), USp(2N)

B1
SO(2N+1)(t) = B2

USp(2N)(t)

B2
SO(2N+1)(t) = B1

USp(2N)(t)  we expect  to go into  ̂S ⋅ τ = −
1
2τ

SO(2N + 1) USp(2N )

And   for 
<latexit sha1_base64="Wicu5szcuJfEJkEu8oHRaxQSvuY="></latexit>

CGN (� · ⌧, � · ⌧̄) = CGN (⌧, ⌧̄) γ ∈ Γ0(2)



Exact Results for SU(N)

BSU(2)(t) =
3(3t − 10t2 + 3t3)

2(1 + t)5

BSU(3)(t) =
9t(2 − 11t + 14t2 − 11t3 + 2t4)

(1 + t)7

BSU(4)(t) =
15t(3 − 23t + 50t2 − 72t3 + 50t4 − 23t5 + 3t6)

(1 + t)9

For  we have GN = SU(N) B2
SU(N)(t) = 0, B1

SU(N)(t) = BSU(N)(t)

Nice palindromic 
polynomials



For  we have GN = SU(N) B2
SU(N)(t) = 0, B1

SU(N)(t) = BSU(N)(t)

Generating series are nice:
<latexit sha1_base64="Gbd3vI7wKrirmMts/QrKXtGR+K8="></latexit>

FSU (t, z) =
1X

N=0

BSU(N)(t)z
N

FSU (t, z) =
3tz2[(t+ 1)2(t� 3)(3t� 1)� z(t� 1)2(t+ 3)(3t+ 1)]

2(1� z)
3
2 ((t+ 1)2 � (t� 1)2z)

7
2

Exact Results for SU(N)



SU(N) @ Large N

<latexit sha1_base64="wUxF9MSFj1cKj8dD6AlUVjDRyL4="></latexit>

CSU(N)(⌧, ⌧̄) =
X

(m,n)2Z2

Z 1

0
e�t⇡ |m+n⌧|2

⌧2

h I

�

FSU (t, z)

zN+1
dz

i
dt

Finite N perturbative expansion

CSU(2)(τ, τ̄) ∼
9ζ(3)

y
−

225ζ(5)
2y2

+
2205ζ(7)

2y3
−

42525ζ(9)
4y4

+ O(y−5)

[DD,Green,Wen,Xie]
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y =
4⇡2

g2
Y M

= ⇡⌧2
Match with [Eden,Heslop,Korchemsky,Sokatchev]

y ≫ 1 ⇔ g2
YM

→ 0
with apologies to Burkhard

for inadvertently omitting his name
during the talk! 



<latexit sha1_base64="wUxF9MSFj1cKj8dD6AlUVjDRyL4="></latexit>

CSU(N)(⌧, ⌧̄) =
X

(m,n)2Z2

Z 1

0
e�t⇡ |m+n⌧|2

⌧2

h I

�

FSU (t, z)

zN+1
dz

i
dt

@Large-N we can split into P and NP contributions:
<latexit sha1_base64="DROkObCMw9ipzs3qe7s0GWn7mWo="></latexit>

CSU(N)(⌧, ⌧̄)
N!1
=

X

(m,n)2Z2

Z 1

0
e�t⇡ |m+n⌧|2

⌧2

h
BPert

SU(N)(t) +BN.P.
SU(N)(t)

i
dt
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CSU(N)(⌧, ⌧̄) = CP
SU(N)(⌧, ⌧̄) + CN.P.

SU(N)(⌧, ⌧̄)

<latexit sha1_base64="9EYk/e/K0l/sJX4Hm5H89Gcc0Sg="></latexit>

CP
SU(N)(⌧, ⌧̄) =

N2

4
+

1X

r=0

N
1
2�rfr(⌧, ⌧̄)

<latexit sha1_base64="RfgjHkaPp7ToQFq5c2WGy3fi2v0="></latexit>

CN.P.
SU(N)(⌧, ⌧̄) = O(N2

e
�
p
N )

SU(N) @ Large N

[DD,Green,Wen,Xie]



Large-N Perturbative

The large-N expansion changes dramatically 
only half-integer index Eisensteins appear:

<latexit sha1_base64="wU6fSTMB8LRcuIn8kEOtTm88Js8="></latexit>
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4
� 3N
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2

24
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2 ; ⌧, ⌧̄) +
45

28N
1
2

E( 5
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+
3

N
3
2

h1575
215

E( 7
2 ; ⌧, ⌧̄)�
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213
E( 3

2 ; ⌧, ⌧̄)
i
+O(N� 5

2 )

[DD,Green,Wen,Xie]

<latexit sha1_base64="KPgahVF5g3wNdmILs74yTUNOVpc="></latexit>

CSU(N)(⌧, ⌧̄) = CP
SU(N)(⌧, ⌧̄) + CN.P.

SU(N)(⌧, ⌧̄)



Non-holo Eisensteins
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(�⌧ � s(s� 1))E(s; ⌧, ⌧̄) = 0
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⇡�(s� 1

2 )⇣(2s� 1)
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[Chester, Green, Pufu, Wang, Wen - DD, Green, Wen]

<latexit sha1_base64="bXWFSOaYeX5J4GEjt5K/pjpY5+o="></latexit>

Leff =(↵0)�4g�2
s R+ f1(⌧, ⌧̄)(↵

0)�1g�1/2
s R4 + f2(⌧, ⌧̄)↵

0g1/2s d4R4 + f3(⌧, ⌧̄)(↵
0)2gsd

6R4 + ...

N2 N1/2 N−1/2 N−1

[Green, Gutperle - Green, Vanhove- Green, Miller, Vanhove]

-Fixed  large-N (modularity is preserved):gYM
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4-graviton effective action in
type IIB low-energy expansion 

Large-N Perturbative

τ = χ + i/gs



Large-N Non-Perturbative

With a more careful large-N analysis we also found some 
new, non-perturbative corrections:

for different values of s half-integer.
Modular invariant, non-perturbative contributions

<latexit sha1_base64="+IyyFeo58HnLv8g0WfJb3zR8Lec="></latexit>
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exp
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� 4

p
N
⇣ ⌧2
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⌘� 1
2
i⇣ ⌧2

⇡|m+ n⌧ |2
⌘s

[DD,Green,Wen,Xie]
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CSU(N)(⌧, ⌧̄) = CP
SU(N)(⌧, ⌧̄) + CN.P.

SU(N)(⌧, ⌧̄)



Holographic Interpretation:

Holo. Dictionary: consider  with scale LAdS5 × S5

<latexit sha1_base64="hMIIMF+0tIrMP+muFYjGbU7gV3E="></latexit>
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⌧2
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2⇡↵0 ) Tp,q = TF |p+ q⌧ |
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� 4⇡L2`Tp,q

⌘

NP terms are given by sum over  coincident (p,q)-strings 
euclidean world-sheet wrapping a great  inside 

ℓ
S2 S5

[Some key differences for SO and USp]



’t Hooft Limit

To be more precise,
when we compute the NP terms
via saddle point we find:

<latexit sha1_base64="umqLQU6etw+nALTMpuagHxAFSq8="></latexit>
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A(x) = 4(x
p

x2 + 1 + arcsinh(x))

With:

D3-brane action for multiply wound Wilson loops
[Drukker,Fiol]



’t Hooft Limit

At large-N and fixed  we focus on zero-

mode w.r.t. 

λ = Ng2
YM =

4πN
τ2

τ1
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To be more precise,
when we compute the NP terms
via saddle point we find:



’t Hooft Limit
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At large-N and fixed  we focus on zero-

mode w.r.t. 

λ = Ng2
YM =

4πN
τ2

τ1

•(m, n) = (ℓ,0)

1 ≪ λ ≪ N

Retrieve F-string world-sheet 
instantons  
found from resurgence at large-
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e�2`
p
�

λ
Similar effects to [Arutyunov,DD,Savin]
Different from [Basso, Korchemsky]

[DD,Green,Wen] 



’t Hooft Limit
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At large-N and fixed  we focus on zero-

mode w.r.t. 

λ = Ng2
YM =

4πN
τ2

τ1

•0-mode of 
infinite sum of 
dyonic
(m, n) = (m ∈ ℤ, n ≠ 0)

1 ≪ λ ≪ N
<latexit sha1_base64="q0/FfO5EmaO/V0RLDb9VkV/UhiE="></latexit>

e�
8⇡`Np

� = e�2`
p

�̃

<latexit sha1_base64="QjCsSf/giHdi97nzBu+O3piT4y8=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCSlqBuh6MaVVLAPaGKZTCbt0MkkzEyEEvITbvwVNy4UcSu482+ctkG09cDA4Zx7uHOPFzMqlWV9GQuLS8srq4W14vrG5ta2ubPbklEiMGniiEWi4yFJGOWkqahipBMLgkKPkbY3vBz77XsiJI34rRrFxA1Rn9OAYqS01DOPHUWZT1KH6YyPMngOnUAgnJZrTkzh9dFdNfsxe2bJqlgTwHli56QEcjR65qfjRzgJCVeYISm7thUrN0VCUcxIVnQSSWKEh6hPuppyFBLpppOrMnioFR8GkdCPKzhRfydSFEo5Cj09GSI1kLPeWPzP6yYqOHNTyuNEEY6ni4KEQRXBcUXQp4JgxUaaICyo/ivEA6RLUbrIoi7Bnj15nrSqFfukYt/USvWLvI4C2AcHoAxscArq4Ao0QBNg8ACewAt4NR6NZ+PNeJ+OLhh5Zg/8gfHxDX+pnmY=</latexit>

�̃ =
(4⇡N)2

�

Retrieve NP effects
found from resurgence at large-λ̃

[Collier,Perlmutter - Hatsuda,Okuyama]



A unifying Picture:



Laplace-Difference Equations
A striking non-perturbative result:

Central Charges:

[DD,Green,Wen ]



Laplace-Difference Equations
A striking non-perturbative result:

Everything is determined once we know the initial 
condition  (and  )
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CSU(2)(⌧, ⌧̄)
<latexit sha1_base64="iVw2QUHcfH9clJRCAad/Gpf3nCc=">AAACAHicbVDLSsNAFL3xWesr6sKFm8Ei1E1JRNSNUOzGZUX7gDaEyXTSDp08mJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv997jxZxJZVnfxtLyyuraemmjvLm1vbNr7u23ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbN3K/80iFZFH4oCYxdQI8DJnPCFZacs3DfoDViGCeNjI3vW9V7dMMXSPLNStWzZoCLRK7IBUo0HTNr/4gIklAQ0U4lrJnW7FyUiwUI5xm5X4iaYzJGA9pT9MQB1Q66fSBDJ1oZYD8SOgKFZqqvydSHEg5CTzdmZ8r571c/M/rJcq/clIWxomiIZkt8hOOVITyNNCACUoUn2iCiWD6VkRGWGCidGZlHYI9//IiaZ/V7IuafXdeqd8UcZTgCI6hCjZcQh1uoQktIJDBM7zCm/FkvBjvxsesdckoZg7gD4zPH8X9lTY=</latexit>

CSU(1) = 0



First non-trivial example of GNO covariant exact non-protected 
quantity valid for all N, all couplings and all gauge groups.

Our ansatz passes many (many) consistency checks, perturbative 
and non-perturbative. [Billo’,Frau, Fucito,Lerda,Morales]               
(proof via matrix model)

String theory/QFT origin of these lattice-sum representations? 

String theory/QFT origin of the Laplace-difference equation?

Semi-classical origin of non-perturbative corrections?

Other integrated correlator  ?                           
[w.i.p. with Alday, Chester, Green and Wen]

Exact formula for integrated correlator and super conformal 
bootstrap?

∂4
mZGN

(m; τ, τ̄) |m=0

Conclusions:



Thanks!



