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OUTLINE

® [ntegrated correlators in /=4 SYM
Exact integrated correlators from Susy loc.
GNO Duality (E/M duality)

Large-N perturbative and non-

Holographic interpretation

Laplace-Difference equations



WHAT DO WE WANT?
WHY DO WE WANT IT?
HoOw DO WE GET IT?



WHAT TYPE OF CORRELATORS



N =4 CORRELATORS

Amongst the many fields of /" =4 we have:
®; I=1,...,6 Adjoint scalar

OQ(.CE, Y) — TI‘((I)[(I)J)_ A A

Null polarisation vectors for

1/2 BPS operators, super-conformal primaries in the
stress-energy tensor super-multiplet ( [0,2,0] )



N =4 CORRELATORS

Amongst the many fields of /" =4 we have:
®; I=1,...,6 Adjoint scalar

Os(z,Y) =Tr(®;9,) Y'Y’ A=)

1/2 BPS operators, super-conformal primaries in the
stress-energy tensor super-multiplet

We consider the (NON-PROTECTED!) 4pt function

1
<02(£IZ‘1, Yl)...02(334, Y4)> — |x12‘4|$34‘4I(Y)TGN (U,U)
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We consider the (NON-PROTECTED!) 4pt function
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Fixed by super-conformal symmetry



N =4 CORRELATORS

Amongst the many fields of /" =4 we have:
®; I=1,...,6 Adjoint scalar

Os(z,Y) =Tr(®;9,) Y'Y’ A=)

1/2 BPS operators, super-conformal primaries in the
stress-energy tensor super-multiplet

We consider the (NON-PROTECTED!) 4pt function

1
<02(£IZ‘1, Yl)...02(334, Y4)> — |x12‘4|$34‘4I(Y)TGN (U,U)

Non-trivial function of u,v, coupling, gauge group G,



WHY DO WE CARE?

stress-energy tensor ~ gravitons

1
T12]|*|234]*

(O2(1, Y1) .O2(24,Ys)) = (YT (u,v) |

N
N
< -

Fun part = hard part

IQISHIEDL

4-graviton amplitude in II1B (see later)




HOW TO GET A HANDLE ON



S =4 INTEGRATED CORRELATORS

Pestun’ Susy localisation on $* for " = 2%
massive deformation, m, of # = 4
$* partition function Z: (m; 7, 7)

s v A1
T=17T+17, = |
; = r 8¥m

with SL(2,Z) invariant Laplacian A, = 75(9; + 0;)

Gy Gauge group (more on this later)



S =4 INTEGRATED CORRELATORS

Pestun’ Susy localisation on $* for " = 2%
massive deformation, m, of # = 4
$* partition function Z: (m; 7, 7)

1

Bl e 2 3 e
C’C:N (7_7 T) =N ZATamlogZGN (m7 T, T) ‘m:O [ Binder, Chester, Putu, Wang]

4
= /H dr;pu({z; }){O2(x1)...02(x4))
=1
CNGN (7-, ’7_-) e 8§110gZGN (’}7’1,7 725 ’7_') ‘m:() [ Chester, Pufu]

— / H dr;p({x;})(O2(x1)...02(24))



S =4 INTEGRATED CORRELATORS

1
G T = ZATﬁfnlogZGN @meT Tl

, 3 /
[ Binder, Chester, Pufu, Wang] \

Very specific measures fixed by susy!

[ Chester, Puful]

CNGN(T,T') =




WHY INTEGRATED?

In this talk we will focus entirely on:

1
S e ZATagzlogZGN Uie mlloy

4
= / TT devs s ({: ) (O(21)..Oa ()
="
[ Binder, Chester, Putu, Wang]|

We found an exact formula vahd for all G,
and all values of the coupling r and GNO co/in-variant



WHAT DID WE FIND?

1
Ce ()= ZATﬁilogZGN (e

— / H drip({2;})(O2(x1)...02(24))

For Gy = SUN),SO(2N),SO2N + 1), USp(2N)

0 - 7T|m—f—n7'|2 - 7_‘_|"rn—i—2n7'|2
Can(rr) = Y /O (Bl (e ™5 1+ By, (e ™57 )

Using key-results of [Chester, Green, Pufu, Wang, Wen]

|[DD,Green, Wen] and [Alday,Chester,Hansen]

Bc(;l’z)(t) are rational functions of t (back 1n a sec)
N



EXACT INTEGRATED CORRELATORS

For Gy = SUN),SO2N),SO2N + 1), USp(2N)

0 it _7_(_|7n—|—2n7'|2
Con(rr) = Y /O (Bl (e ™57 4 B2 (e ™55 )at

Using key-results of [Chester, Green, Putu, Wang, Wen|
[DD,Green, Wen] and [Alday,Chester,Hansen]

First example of a non-perturbative and non-protected
quantity in /4 = 4 valid

e for all values of N

e for all classical gauge groups

e for all values of the complex coupling AND
e Montonen-Olive (GNO) duality covariant!




OTHER INTEGRATED CORRELATORS

[ Paul, Perlmutter,Raj - Brown,Wen, Xie |

Crr (7, 7) = / [ dziv({:1)(02(1)02(22) 0y 23)Op ()

super-conformal primaries A = p

[ Pufu, Rodriguez, Wang]

In(T,7) = Oy (W) |m=0 = /Hd«’L‘iﬁ({ﬂ?z’})<W02($1)02(5L’2)>

!

1/2-BPS fundamental Wilson loop along great circle



BEFORE THE NITTY GRITTY,
ANY QUESTIONS?



SUSY Loc

Pestun’s ./ = 2* §* partition fct:

Zo (7, 7) = [ Vo (@100 2157 m, )| 2854 m, 7, ) '
1-Loop Nekrasov
® Gy=SUN),SO(N),USp(2N) Classical gauge groups

® a parametrizes r-dim Cartan subalgebra, real variables

Ve, (@) Vandermonde determinant, e.g. Vsun (@) = H(ai = aj)2

®
i<j
® (a,a) Killing form
, v A7l
o T=7+i,=—+—; alsozxlmr=zn7=y; meR,,

2z 812/M



SUSY Loc

Pestun’s ./ = 2* §* partition fct:

E / Vo (a)e=272(@0) 227 (. )| 238t (m, 7, 0)|? d"a

We want to compute:

1
CGN (T, 7_') = ZAT(’)mz log ZGN (m,T, 7_')

m=0

with SL(2,7) invariant Laplacian A_= 722(6%1 + 632)

Goddard-Nuyts-Olive/Montonen-Olive duality
i1s the key player!



GNO DUALITY

Consider /" =4 SYM with gauge group Gy
and coupling

; v 471
T — T1 170 = o | 92
Y M

Montonen-Olive E/M duality generalizes to

With r the ratio of the length squared of long and short
roots of the Lie algebra of G,



GNO DUALITY

Gn LGy
U(N) U(N)
SU(N) PSU(N)=SU(N)/Zn
Spin(2N) SO(2N)/Zs
Sp(N) =USp(2N) SO(2N +1)

Spin(2N + 1) Sp(N)/Zy = USp(2N) /7o




GNO DUALITY

GnN

—

U(N)
SU(N)

Spin(2N)

(N) =USp(2N)

\@n(ZN + 1)

LGN

G \\
PSU(N)=SU(N)/Zy

SO(2N)/Zs
SO(2N +1)
Sp(N)/Z; = USp(2N)/Z




GNO DUALITY

Spin(2N + 1)

/// e

Gn LGy
U(N) U(N)
SU(N) PSU(N)=SU(N)/Zn
Spin(2N) SO(2N)/Zs
Sp(N) =USp(2N) SO(2N +1)

Sp(N)/Zy = USp(2N)/Zs

Go

To appear shortly [DD, Vallarino]



GNO DUALITY

We consider only insertions of local operators

And only classical groups

L

gN gN
su(NN) su(N)
so(2N) so(2N)

usp(2N) | so(2N +1)

so(2N +1) | usp(2N)




GNO DUALITY

gN LQN

ST
. S0(2N) | so(2N)

usp(2N) | so(2N +1) 4

so(2N +1) | wusp(2N)

For SUN) and SO2N) we have r=1
S = S and T generate standard SL(2,2)
Montonen-Olive self-duality

Tl i

at + b _(a b
cT + d s



EXACT INTEGRATED CORRELATORS

GNO DUALITY:

For Gy = SUN),SO2N) we find:

|mtnT|?
c 1) - 5 / dt (BGN [ —tm

(m,n)€EZ?

| DD, Green,Wen |

Hence Cay (”Y ClRETe: 7_') = Cay (7'7 7_') for y € SL(2,7)
1.e. 1t 1s a non-holomorphic modular invariant function.
Spectral decomposition and ensemble averages

[ Collier, Perlmutter]



GNO DUALITY

gN “gn
su(IN) su(IN)
e oy
“usp(2N) | %
&(ZNJA
For SO2N + 1) and USp(2N) we have r=2 hence under
S.r=- ZLT we expect SO2N + 1) to go into USp(2N)

T and STS generate self—duality group ['((2) 1.e. ¢ = Omod 2

-
1—27')

STS - (Gn,T) = (GN,



EXACT INTEGRATED CORRELATORS

GNO DUALITY:
For Gy = SO2N + 1), USp(2N) we find that:

I

Bsoont (D = USp(ZN)(t)

Bson+1®) = Bugyan(® st i 21 we Sxpect SOEN < ido coanio s o
T

Which implies:

Cso@en+1)(T;T) = Cuspen)(—=1/(27), =1/(27))

= —t |m+nT|? . |lm+2n7|2
Con(r) = [ at (B, @ 4 B, (e )

| DD, Green,Wen|]



EXACT INTEGRATED CORRELATORS

GNO DUALITY:
For Gy = SO(2N+ 1), USp(2N) we find that:

2 = & N
BSO(2N+1)(t) A= USP(ZN)(t) St e we expect SO2N + 1) to go into USp(2N)

2T
Which implies: ‘
Csons(r7) = Cuspany (—1/(27), ~1/(27

o

CGN (7_7 71)

| DD, Green,Wen|]



EXACT INTEGRATED CORRELATORS

GNO DUALITY:
For Gy = SO2N + 1), USp(2N) we find that:

I

Bsoont (D = USp(ZN)(t)

Bson+1®) = Bugyan(® st i 21 we Sxpect SOEN < ido coanio s o
T

Which implies:

Cso@en+1)(T;T) = Cuspen)(—=1/(27), =1/(27))

| DD, Green,Wen|]

And CGN(/V'T/V'%) T




EXACT RESULTS FOR SU(N)

For Gy = SUN) we have Bg (1) = 0, Bgy,(1) = Bsyn(0)

ts—l Q (t)
Bsuan(®) = 3 bsun (8) ey = G 1)oveT

1

Qsu(n)(t) = ——N(N 1)(1 — t)N 1(1+t)N+1
{ G Gk Ll (T_:;) +1%t (3t2 — 8Nt —3) P (izj)}
S ~ 3(3t— 10" + 37
o) - 2(1 + 1) Nice palindromic
B o Q- i+ 142 — 116 +2¢% polynomials
suG\H) = R
154(3 — 231 + 508 — 721> + 50¢* — 237 + 31°)
Bgya)(1) =

(1+1¢)°



EXACT RESULTS FOR SU(N)

For Gy = SUN) we have B SU(N)(I) =) B;U(N)(t) = By (1)

ts—l Q (t)
Bsyv)(t) = ZbSU(N)(S)F(S) 0 le()jgvH =

1

O SN L ) (D
(1 —2) (1t 1 2 ,-1) {1+t
{3+ 8N + 3t —6)t (1_t2)+1+ (3t* — 8Nt —3) Py T

Generating series are nice:

Fsy(t Z Bsu v (t)

3m[@+1)( 3)(3t —1) — z(t — 1)%(¢t + 3)(3t + 1)]

parii 2(1—2)2((t+1)2 — (t —1)22)3



SUCN) @ LARGE N

| DD,Green, Wen, Xie|

|m+m|2 Fsy(t, 2
Csu(n)(7,T) Z / - [7{ ;V(H )dz} dt

Finite N perturbative expansion

9C(3) 2256(5) = 2205¢(7)  425250(9)

| + 0>
y 2y? 2y3 4y o

Csu)(7,7) ~

Match with [Ede n,Heslop, Korchemsky,Sokatchev]

with apologies to Burkhard
for madvertently omlttmg his name Y > 1 S g — 0
durlng the talk!



SUCN) @ LARGE N

| DD,Green, Wen, Xie|

|m+nT| FS t,Z
Csu(n)(7,T) Z / - [7{ ;V(H )dz} dt

@Large-N we can split into P and NP contributions:

|m—‘,—n7‘|2

N o0 er
Csu(w)(7,7) - Z / 2 BEU&CN)( )= BSU(N)( )}dt

(m,n)€EZ?

Csu(n) (7,7) = CSU(N)(T ) JrCSU(N)( T5r)




LARGE-N PERTURBATIVE

| DD, Green,Wen, Xie]

Csu () (7,7) = CSU(N) (& 7k CSU(N) (15

The large-N expansion changes dramatically
only half-integer index Fisensteins appear:

e NE 3N = 45
CSU(N)(TvT)N A 94 E(gvTT) | QSN%E(
D J=ED [ = 13 = =
| = { G iR 213E(%;T,T)] + O(N



NON-HOLO EISENSTEINS

S

1
E(s;7,7) = — Z ’2
TS

25s
e
2(25) ,  2/AT(s ~ H)C(s— 1
T 79
s wsT(s)

4
_i_z 2mikT \/E‘k‘s—io_l 23(|/~C|)K

= ['(s)

(Ar —s(s—1))E(s;7,T) =0




LARGE-N PERTURBATIVE

-Fixed gy, large-N (modularity 1s preserved):
[ Chester, Green, Pufu, Wang, Wen - DD, Green, Wen|

s Nzt 3 IV
CSU(N) (7,T) ~ A
3 11575 -
F 7 | on B )

4-graviton effective action in e .
T =xtile
type 1B low-energy expansion

N—1/2 N—l
[Green, Gutperle - Green, Vanhove- Green, Miller, Vanhove]

1

N




LARGE-N NON-PERTURBATIVE

| DD, Green,Wen, Xie|

Csu () (7,7) = CSU(N) (& 7k CSU(N) (15

With a more careful large-N analysis we also found some
new, non-perturbative corrections:

e S eof-avE(=2 Yl ea g

m + ntl? m + ntl?
(m,n)#(0,0) e B g

for different values of s halt-integer.
Modular invariant, non-perturbative contributions



HOLOGRAPHIC INTERPRETATION:

Holo. Dictionary: consider AdSs x S° with scale L

47’(’ I~
= = 47g, and \/g%MN =

CSU(N) =, 7- e Z Z EXP ( <o 47TL2€ Tp,q)

¢=1 gcd(p,q)=1

NP terms are given by sum over # coincident (p,q)-strings
euclidean world-sheet wrapping a great S* inside $°

[Some key ditferences for SO and USp]



T HOOFT LIMIT

To be more precise,
when we compute the NP terms
via saddle point we find:

(m,n)#(0,0)

Csiin) (T T)~ ), exp [_ NA(\/WIZ;T:TQ)}

With:
A(z) = 4(zv/22 + 1 + arcsinh(z))
D3-brane action for multiply wound Wilson loops

| Drukker, Fiol]



T HOOFT LIMIT

To be more precise,
when we compute the NP terms
via saddle point we find:

Csiin) (T T)~ ), exp [_ NA(\/WZ;\;TZTQ)}

(m,n)#(0,0)

4rxN
At large-N and fixed 4 = Ngz,, = " we focus on zero-

1%,
mode w.r.t. Ty



T HOOFT LIMIT

Csiin) (T 7)~ ), exp [_ NA(\/WZJJ\;TZTQ)]

(m,n)#(0,0)
, 47N
At large-N and hxed 4 = Ngy,, = —— we focus on zero-
2
mode w.r.t. (]
|l <K AKN

o(m,n) = (£,0) —> Retrieve F-string world-sheet

Sesfabtons o ALYk obee v

found from resurgence at large-4

Similar effects to [Arutyunov,DD,Savin]
Ditferent from [Basso, Korchemsky]



T HOOFT LIMIT

Csiin) (T 7)~ ), exp [_ NA(\/WTLJJ\;TZTQ)]

(m,n)#(0,0)
, 47N
At large-N and hxed 4 = Ngy,, = —— we focus on zero-
2
mode w.r.t. (]
o |l <K AKN

QO . 8wl N w2 X

g Retrieve NP effects e v 26\/;

infinite sum of

SN found from resurgence at large A
[ Collier, Perlmutter - Hatsuda, Okuyamal]
(47N )?

A

dyODIC

(m,n) =m € Z,n # 0) 5\_




A UNIFYING PICTURE:



LAPLACE-DIFFERENCE EQUATIONS

A striking non-perturbative result: IDD.Cr oo Wen |

A:Csy(ny(T,T) — 4csu(n) [CSU(N+1)(T’ T) — 2Csu) (7, T) + Csuv—1) (T, f)]
— (V+1)Csuv-1)(7,7) + (N — 1) Csuv+1)(7,7) = 0.

ArCs0(n)(T:T) — 2¢50(n) [CSO(TH—Z)(T: T) —2Cs0(n)(7,T) + Cso(n—2)(T, f)]
_ nCSU(n—l) (Ta 7_-) g5 (’I’L e 1) CSU(TL) (T? 7_-) = 0.

A'rCUSp(n) (7-7 T) . 2cUSp(n) [CUS'p(n-I-Q) (T7 7_-) G- CUSP(”) (T’ 7_-) 2 CUSP(n_Q) (T’ T)]
—+ nCSU(n_|_1) (27’, 27_') - (’I’L + 1) CS’U(n) (27', 27—') = {.

Central Charges:

N? -1 n(n —1) n(n+ 1)

Sl o e CSO(n) = 3 , CUSp(n) = 3




LAPLACE-DIFFERENCE EQUATIONS

A striking non-perturbative result:

ACsuny(T,T) — 4esuwy [CSU(N+1)(7'a T) —2Csun) (7, T) + Csuv—1)(T, f)]
— (V+1)Csuv-1)(7,7) + (N — 1) Csuv+1)(7,7) = 0.

A+Cs0(n)(T,T) — 2¢c50(n) [CSO(n—|—2)(Ta T) —2Cs0(n) (7, T) + Cso(n—2)(7; f)]
_ nCSU(n—l) (7-) 7_-) g5 (n e 1) CSU(TL) (T7 7__) = 0.

A'rCUSp('n,) (7-7 T) & zcUSp('n,) [CUSP(H+2) (7-7 7_-) G- CUSp(n) (T’ 71) a2y CUSp(n—2) (T’ 7-)]
+nCsu(n+1)(27,27) — (n+ 1) Csy(n)(27,27) = 0.

Everything 1s determined once we know the imitial
boribion U (7, 7) (and Csuq) = O)



CONCLUSIONS:

KA

¢ First non-trivial example of GNO covariant exact non-protected

quantity valhd for all N, all couplings and all gauge groups.

A\

Al

¢ Our ansatz passes many (many) consistency checks, perturbative
and non-perturbative. [Billo’,Frau, Fucito,Lerda, Morales]
(proof via matrix model)

RV
n

2 String theory/QFT origin of these lattice-sum representations?

¢ String theory/QFT origin of the Laplace-difference equation?

Al

Al

¢ Semi-classical origin of non-perturbative corrections?

% Other integrated correlator 9,Z; (m;7,7)| _, ?
[w.a.p. with Alday, Chester, Green and Wen]

s Exact formula for integrated correlator and super conformal
bootstrap?



THANKS!



