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Associated Feynman Integral

I (p2; x1, x2, x3, x4, x5) =

=
∫

ddl1 ddl2
(l2

1 − x1)(l2
2 − x2)((l1 + p)2 − x3)((p + l2)2 − x4)((l1 − l2)2 − x5)

.

Applications: e.g. e-Field Strength Renormalization in QED.

SFI Equation Set

SFI is Symmetries of Feynman Integrals. The Feynman Integral is shown to satisfy the

following set of partial differential equations

ca I + Txa
j ∂j I + Ja = 0

where

X = (x1, ..., x6) = (m2
1, ..., m2

5, p2)

and

a = 1, ..., 7 .

The sources Ja depends on simpler diagrams, namely,

Figure 4. The two source topologies (a) figure 8 (b) propagator seagull (its vacuum closure

is the vacuum seagull [10]).
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7 is the dimension equation, namely Euler’s

identity for homogeneous functions.

3 Geometry of parameter space

In this section we analyze the geometry in parameter space.

G-orbit co-dimension and 6-minors. The equation set (2.9) consists of 7 equa-

tions in a 6 dimensional parameter space. The dimension of the G-orbit through any

point x 2 X is given by the rank of Tx at that point.

In order to determine the rank we follow the method of maximal minors [11]

and compute the 6-minors Ma defined by omitting row a taking a determinant and

multiplying by an alternating sign (see [11] for a precise definition in terms of the ✏

tensor). Ma is found to be

Ma = 4 p2 B3(x)Ka(x) (3.1)

where the notation B3(x), Ka(x) will be defined now.

B3(x) is a cubic polynomial defined by

B3 = x1 x4(x1 + x4) + x2 x3(x2 + x3) + x5 x6(x5 + x6) +

+ x1 x2 x5 + x1 x3 x6 + x2 x4 x6 + x3 x4 x5 + (3.2)

� (x1 x4(x2 + x3 + x5 + x6) + x2 x3(x1 + x4 + x5 + x6) + x5 x6(x1 + x2 + x3 + x4))

The first line includes a sum over the 3 opposing edge pairs of the diagram’s vacuum

closure which is a tetrahedron, the second line sums over its 4 vertices and the last

line sums over the 12 collections of distinct edges which neither share a vertex nor

form a face.2

According to the Cayley-Merger formula B3 describes the squared volume of a

tetrahedron [24]. More specifically, it is the volume of the tetrahedron which is dual

2The first and third lines can be written alternatively as 2x1 x4(x1 + x4) + 2x2 x3(x2 + x3) +
2x5 x6(x5 + x6)� (x1 + x2 + x3 + x4 + x5 + x6)(x1x4 + x2x3 + x5x6).
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.

Idea is to solve system of partial differential equation set instead of direct evaluation of I .

Kite Results

SFI group acting on X

G = T2,1 ≡

 ∗ ∗ ∗
∗ ∗ ∗
0 0 ∗

 .

Singular Solution. At

0 = B3 = x1 x4(x1 + x4) + x2 x3(x2 + x3) + x5 x6(x5 + x6) +
+ x1 x2 x5 + x1 x3 x6 + x2 x4 x6 + x3 x4 x5 +
− (x1 x4(x2 + x3 + x5 + x6) + x2 x3(x1 + x4 + x5 + x6)
+ x5 x6(x1 + x2 + x3 + x4))

= V 2



to the vacuum closure of the diagram – see fig. 5: the duality exchanges vertices and

faces, the edge dual to the incoming momenta is pµ and each of the other edges is of

length mi, the mass of the dual propagator [13].
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Figure 5. The dual tetrahedron which appears in the analysis of the kite diagram. (a)

Top view with edge size indicated. (b) The dual diagram (heavy red line) drawn on the

same plane together with the Feynman diagram. The line dotted can be thought to be

outside of the plane. (c) 3d view of two dual tetrahedra.

B3 appeared in the physics literature in the work of Baikov on the 3-loop vacuum

diagram (tetrahedron) [25, 26]. Therefore we shall refer to B3 as the Cayley-Merger /

Baikov polynomial. More generally, the Cayley-Merger formula specifies the squared-

volume of the n-simplex through a determinant, so � and B3 are specific instances

of it.

The dual tetrahedron which appears here is familiar also from the formulation

of Landau singularities [27].

The vector Ka is given by
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�L, �R are defined in (2.13-2.14). They are related to derivatives of B3 by the identity

�L =
�
@
2 + @

4 + @
5
�
B3 (3.4)

and similarly �R = (@1 + @
3 + @

5)B3. These identities can be confirmed through

direct calculation.

For convenience we mention the detailed expression for a derivative of B3

@
1
B3 = x

2
4 + (x2 � x6)(x5 � x3)� x4(x2 + x3 + x5 + x6 � 2x1) . (3.5)
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
= V 2 (dual tetrahedron) .

At this locus of parameters the kite is given by linear combination of Figure 8 and

Propagator Seagull diagram.

∼


Figure 4. The two source topologies (a) figure 8 (b) propagator seagull (its vacuum closure

is the vacuum seagull [10]).
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closure which is a tetrahedron, the second line sums over its 4 vertices and the last

line sums over the 12 collections of distinct edges which neither share a vertex nor

form a face.2

According to the Cayley-Merger formula B3 describes the squared volume of a

tetrahedron [24]. More specifically, it is the volume of the tetrahedron which is dual
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
This method generalizes the massless case K. G. Chetyrkin and F. V. Tkachov (1981)

And also ”Diamond Rule” B. Ruijl et. all (2015).

Triangle Feynman Diagram

Associated Feynman Integral

I =
∫

ddl∏3
i=1

(
k 2

i − m 2
i

)
where,

ki = l + (pi+1 − pi−1) /3 , i = 1, 2, 3; X = (x1, ..., x6) = (m2
1, m2

2, m2
3, p2

1, p2
2, p2

3) .

Triangle Results

SFI Equation Set (of 7 equations) is obtained. SFI Group - Upper Triangular Group T1,2.

Two important quantities

λ (x, y, z) := x2 + y2 + z2 − 2xy − 2xz − 2yz; λ∞ := λ (x4, x5, x6)
and

B3 = x1
2x4 + x1x4

2 + x2
2x5 + x2x5

2 + x3
2x6 + x3x6

2

+ x1x2x6 + x1x3x5 + x2x3x4 + x4x5x6
− (x2x5(x1 + x3 + x4 + x6) + x3x6(x1 + x2 + x4 + x5) + x1x4(x2 + x3 + x5 + x6)) .

Novel Derivation of Triangle Feynman Integral.

I = c∆√
|λ∞|/4

[
F (h2, c 2

1 , a 2
2 ) + F (h2, c 2

1 , a 2
3 ) + cyc.

]
where,

c∆ := −iπ
d
2Γ

(
6 − d

2

)
;

F (h2, c2, a2) :=
∫

∆a,c

d2q
(

h2 + q2
)d−6

2

∫
∆a,c

d2q :=
∫ |a|

0
dqy

∫ |b|
|a|qy

0
dqx

and

h2 = B3
λ∞

; c 2
1 = x1 − B3

λ∞
; a 2

1 = −(∂1B3)2

4x4λ∞
= − λa

4x4
− B3

λ∞
.

The singular locus is identified and the diagram’s value on the locus’s two components

(λ∞ = 0 and B3 = 0) is expressed as a linear combination of descendant bubble diagrams.

Massless Triangle and the associated Magic Connection are revisited.
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