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Symmetries, Amplitudes and Geometry 

Amplitudes

on Riemann


surfaces

twisted 
intersection

 theory

Asymptotic symmetries:
- symmetries of S-matrix, 
- extended super BMS
- IR structure of gravity

Hidden structure of  YM:
- conformal block decomposition

- Liouville description, 
- Nekrasov partition function ?

Gauge-gravity relations:
- KLT, BCJ, EYM relations

- one-loop EYM
- one-loop KLT

monodromy of
string world-sheet

New theories and double copies:
-  catalogue of new twisted forms
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We review the meaning of the map ◆! in Appendix A,
which also illustrates how factors of ↵i arise in the denom-
inators. The above result is a sum over all intersection
vertices of the hyperplanes that are associated to both 'L

and 'R. In our example, we have L = (f2,f3,f5) and
R = (f2,f3,f6), which intersect at a single point , and
we inserted the correct sign [11]. An important feature of
the above formula is that it is completely independent of
the precise positions of the hyperplanes, as long as their
arrangement is generic, i.e., no three f ’s intersect at a
single point.
In this work we propose an alternative formula for

computing intersection numbers as an integral localizing
on the points (x⇤

, y
⇤) at which ! vanishes:

h'L,'Ri! =

Z
dx dy �(!x)�(!y) b'L b'R (7)

=
X

(x⇤,y⇤)

det�1

"
@!x
@x

@!x
@y

@!y

@x
@!y

@y

#
b'L b'R

�����
(x,y)=(x⇤,y⇤)

,

where we used ' = b' dx^dy. Here, delta functions should
be understood as multi-dimensional residue prescriptions
around the zeros of !. Remarkably, this formula evaluates
to the rational function of ↵’s (6) for any choice of 'L

and 'R, and does so in a highly non-trivial manner.
Readers familiar with scattering amplitudes literature

will notice a resemblance of (7) to the Cachazo–He–Yuan
(CHY) formulae [12, 13]. This is not a coincidence. In fact,
CHY formalism uses a particular, singular, arrangement
of hyperplanes, for example:

{x = 0}[{y = 0}[{1�x = 0}[{1�y = 0}[{x�y = 0}

with the last hyperplane at infinity, such that the result-
ing space X is the moduli space of punctured Riemann
spheres, in this case X = M0,5. The equation (6) can no
longer be used directly, as the arrangement of hyperplanes
is not generic. Nevertheless, the new formula (7) is still
valid. Let us see how this comes about.

We can organize the coe�cients of a particular arrange-
ment into a matrix:

C =

f1 f2 f3 f4 f5 f62

4

3

5
0 0 1 1 "

4
4+"
4 1

1 0 �1 �
"
4 1 �" x

0 1 0 �1 �1 2" y

, (8)

giving fi = c1i + c2ix+ c3iy. We set it up such that " = 1
yields the original arrangement, which deforms into the
singular one as " ! 0. A sign of singularity is that several
3⇥3 minors of C vanish in this limit. Keeping parameters
↵ constant, for example with ↵i > 0 for i = 1, 2, . . . , 5,
the hyperplanes and zeros of ! behave as follows:

• 1
• 2

• 3

• 4
• 5

• 6

" ! 0
• 1

• 2

The hyperplane {f6 =0} moved to infinity. Out of the
six zeros of !, only 1 and 2 survive at finite positions.
Both 3 and 4 get trapped between three hyperplanes and
eventually cease to be zeros of ! since (0, 0) and (1, 1) are
not a part of the manifold X. Similarly, 5 and 6 shoot o↵
to infinity. This can be easily verified from the explicit
form of the twist in the strict " ! 0 limit:
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where we made an identification of ↵’s with specific Man-
delstam invariants, sab = (ka + kb)2 involving ingoing
lightlike momenta ka. Note that it preserves the condi-
tion

P6
i=1 ↵i = 0 due to momentum conservation. Using

a pair of twisted cocycles, for example:

e'L =d log
f1

f5
^ d log

f5

f4
= �

dx ^ dy
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, (10)

e'R =d log
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=
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, (11)

we can evaluate their intersection number at this singular
arrangement via (7), giving:

he'L, e'Rie! =
1

s23

✓
1
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1
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◆
,

which is indeed an example of a bi-adjoint scalar par-
tial amplitude [13, 14]. The limit " ! 0 needs to be
taken before performing the integral (7). Evaluating it
at finite " yields identically zero in agreement with (6),
since L = (f1,f5,f4) and R = (f2,f5,f3) have no in-
tersection points in a generic arrangement. In general,
intersection numbers change discontinuously depending
on the topology, but not geometry, of the arrangement.

With this example we illustrated how the new prescrip-
tion (7) provides a way of calculating intersection numbers
even at singular hyperplane arrangements, such as the
ones giving rise to scattering amplitudes. Let us now flesh
out details of this construction in its full generality.

II. GENERAL FORMULA

In general, let us consider a generic arrangement of k
hyperplanes on CPm. They are described with

fi = c1i +
m+1X

a=2

cai�a, (12)

Corrections to Einstein:
- massive gravity, bigravity

- massive double copy

cf. talk by C. Markou

cf. talk by P. Mazloumi   

string
amplitudes

celestial sphere:
celestial amplitudes

cf. today’s arXiv   
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Scattering amplitudes in 
interpretation 

as Euklidian D-dimensional conformal correlators 

R1,D+1

Lorentz group in            is identical 
to Euklidian D-dimensional conformal group SO(1,D+1)

R1,D+1

D=2: celestial sphere

Lorentz symmetry zi →
azi + b
czi + d

global conformal symmetry on  CS2SO(1,3) ≃ SL(2,C)

D=4 space-time QFT correlators D=2 Euklidian CFT correlators
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2 , zj + z̄j, − i(zj − z̄j),1 − |zj |
2 ) , j = 1,…, n

provides connection between the space of D=4 kinematics

of n massless particles
and that of the position of n points on a sphere 
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picture 
from Strominger

Massless particle on celestial sphere

• the point   at which 
it enters or exits the celestial sphere

z ∈ CS2

• SL(2,C) Lorentz quantum numbers  (h, h̄)
 described by {

z =
p1 + ip2

p0 + p3

pμ ⟶ (ω, z, z)

h + h̄ = Δ dimension
h − h̄ = J spin

ω = p0 = E

celestial
sphere at ℐ±



Basic Idea

Φh,h̄ ( az + b
cz + d

,
āz̄ + b̄
c̄z̄ + d̄

; Λμ
νXν) = (cz + d)2h (c̄z̄ + d̄)2h̄ Φh,h̄(z, z̄; Xμ)

in momentum basis: plane waves with momentum pμ = ωqμ(z)

in conformal basis: conformal primary wave functions   Φ

E.g.: plane wave exp{±ipμxμ}

ϕ±
Δ(x, z, z̄) = ∫

∞

0
dω ωΔ−1 exp {±iωqμxμ − ϵω}

= {xμqμ(z, z̄) ∓ iϵ}
−Δ

scalar:  J=0 h = h̄ =
Δ
2

Δ = 1 + iλ, λ ∈ R

solves D=4 
Klein-Gordon equation

Pasterski, Shao (2017)

complete normalisable basis



Δ

In the massless case, with or without spin, 
transition from momentum space to conformal primary wavefunctions 

with conformal dimension
is implemented by Mellin transform:

|Δ, z⟩ = ∫
∞

0
dω ωΔ−1 |ω, z⟩

x

x
x

p3

p1

p2
g

z1
z2

z3

=

D = 4 D = 2

zk =
p1

k + ip2
k

p0
k + p3

k

D=4 space-time QFT correlators D=2 Euklidian CFT correlators

Amplitudes = conformal correlators of primary fields on celestial sphere

celestial sphere

state operator correspondence:  particles  operators⟺



× A({ωi, zi, z̄i})

𝒜̃{Δl}({zl, z̄l}) = (
n

∏
l=1

∫
∞

0
ωΔl−1

l dωl) δ(4)(ω1q1 + ω2q2 −
N

∑
k=3

ωkqk)

Mellin transform converts plane wave basis of external wave functions
into boost eigenstates characterized by conformal dimension Δj

D=2 CFT correlators involve conformal wave packets

𝒜({pi, ϵj}) = i(2π)4 δ(4) (p1 + p2 −
n

∑
k=3

pk) A({pi, ϵj})

Celestial amplitudes  of massless particles are obtained 
from momentum-space amplitudes 

by Mellin transforms w.r.t. particle energies   

𝒜̃
𝒜

Δj = 1 + iλj

Celestial Amplitudes



Why ?

• New way of looking at 
quantum field theory and quantum gravity

• Constrain  S-matrix and understand amplitude relations

- flat space-time holography

- Sensitivity to both UV and IR physics 
leads to powerful constraints 

on the analytic structure of amplitudes

- New look for new physical principles and mathematical structures
to constrain S-matrix

 - Asymptotic symmetries: 
Symmetry generating currents arise 

from conformally soft massless particles  
extended super BMS group on celestial sphere

Δ → 1,0…

Arkani-Hamed, Pate,
Raclariu, Strominger (2020)



Gauge Amplitudes

Pasterski, Shao, Strominger (2017) 

h1 = i
2 λ1, h2 = i

2 λ2, h3 = 1+ i
2 λ3 , h4 = 1+ i

2 λ4

h1 = 1+ i
2 λ1, h2 = 1+ i

2 λ2, h3 = i
2 λ3 , h4 = i

2 λ4

higher-point:  

𝒜̃4( − , − , + , + ) = 8π δ(r − r̄) θ(r − 1)
4

∏
i<j

z
h
3 −hi−hj
ij z̄

h̄
3 −h̄i−h̄j
ij

× r
5
3 (r − 1)2

3 δ (−4 +
4

∑
i=1

Δi)
r =

z12 z34

z23 z41

conformal invariant
cross-ratio on CS2 r−1 = sin2 ( θ

2 )

involve Gaussian hypergeometric functions like string amplitudes

four-gluon amplitude:

all four points 

must lie on a circle

zi



no holomorphic factorization (due to supertranslation operator P)

Graviton Amplitudes

𝒜̃4( − − , − − , + + , + + ) = 2π δ(r − r̄) θ(r − 1)
4

∏
i<j

z
h
3 −hi−hj
ij z̄

h̄
3 −h̄i−h̄j
ij

× r
11
3 − β

3 (r − 1)− 1
3 − β

3 δ (−2 +
4

∑
i=1

Δi)

four-graviton amplitude:

J1 = J2 = − 2
J3 = J4 = + 2

- first calculation of graviton amplitude in the conformal basis

h1 = − 1
2 + i

2 λ1, h2 = − 1
2 + i

2 λ2, h3 = 3
2 + i

2 λ3 , h4 = 3
2 + i

2 λ4

h1 = 3
2 + i

2 λ1, h2 = 3
2 + i

2 λ2, h3 = − 1
2 + i

2 λ3 , h4 = − 1
2 + i

2 λ4

St.St., Taylor (2018) 

- important for the soft graviton theorems   in celestial basisΔ → 1,0,…

β := 2− 1
2

4

∑
i=1

Δi



Celestial Conformal Field Theory 
(CCFT)

understand the nature of 2D CFT on celestial sphere,          
i.e. spectrum of fields and their interactions

• states, spectrum

• operator products (OPEs)

• energy momentum tensor,  Virasoro algebra

•  conformal block expansion

• crossing symmetry and conformal bootstrap

• ⋮

recent (tremendous) progress 



Operator product expansion

Derive from collinear limits of D=4 EYM amplitudes 
Fan, Fotopoulos, St.St., Taylor, Zhu (2019)

Derive from first principles and consistency conditions 
Pate, Raclariu, Strominger, Yuan (2019)

D=4 S-matrix constrains OPE  
or vice versa

𝒪a
Δ1,−1(z, z̄)𝒪b

Δ2,+1(w, w̄) =
C(−,+)−(Δ1, Δ2)

z − w ∑
c

f abc 𝒪c
(Δ1+Δ2−1),−1(w, w̄)

+
C(−+)+(Δ1, Δ2)

z̄ − w̄ ∑
c

f abc 𝒪c
(Δ1+Δ2−1),+1(w, w̄)

+ C(−+)−−(Δ1, Δ2)
z̄ − w̄
z − w

δab 𝒪(Δ1+Δ2),−2(w, w̄)

+ C(−+)++(Δ1, Δ2)
z − w
z̄ − w̄

δab 𝒪(Δ1+Δ2),+2(w, w̄) + reg .

} extended 
BMS

symmetry

Celestial conformal field theory (CCFT)



Sugawara construction of the energy momentum tensor

T(w) =
1

2 dim(g)
lim

Δ1,Δ2→0
[Δ2(Δ1 + Δ2)] lim

u→w ∑
a

𝒪a
Δ2,+1(u, ū)𝒪̃a

2−Δ1,+1(w, w̄)

Fan, Fotopoulos, St.St., Taylor (2020)

explicit field realization

shadow transformation:

𝒪̃a
Δ̃,J̃(z, z̄) = 𝒪̃a

2−Δ,−J(z, z̄) =
(Δ + J − 1)

π ∫C

d2w
(z − w)2−Δ−J(z̄ − w̄)2−Δ+J

𝒪a
Δ,J(w, w̄)

Ferrara, Grillo, Parisi, Gatto (1972)
Dolan, Osborn (2012)

Celestial Double Copy
𝒪a

Δ,+1(z, z̄) = gluon operator with helicity +1

1
2k + C2

≃ 1
2 dim(g) ,

k = 0

cf. also Casali, Puhm (2020)
Casali, Sharma (2020)

- inherit (rewrite) D=4 double copy on  
by promoting celestial momenta to operators 

- any new gauge-gravity relations ?

CS2

𝒫μ
l := ϵl qμ

l e∂Δl

KLT like at the level of operators on CS2



E.g.:  conformally soft modes of gauge bosons generate 
a Kac-Moody symmetry and correspond to large gauge transformations in D=4

Symmetry generating currents arise 
from conformally soft massless particles

• Lorentz group
• Superrotation
• global space-time translation
• local space-time translation
• supersymmetry
• ⋮

} Virasoro
superrotation

supertranslation}

soft-modes of graviton:

Asymptotic symmetries of S-matrix at null infinity ℐ±

𝒪Δ,±2(z, z̄) Δ → 1,0, − 1…

Δ → 1,0,…

𝒪a
Δ,+1(z, z̄)



zj =
p1

j + ip2
j

p0
j + p3

j
=

p0
j − p3

j

p1
j − ip2

j
, j = 1,… . nn points 

on CS2

⟨ij⟩ = 2 (ωiωj)1/2 (zi − zj)

[ij] = 2 (ωiωj)1/2 (zi − zj)
spinor 
helicity {

2pi ⋅ pj = ⟨ij⟩[ ji]

= 4ωiωj |zij |
2

n

∑
i≠j

pi ⋅ pj

zi − zj
= 0 , j = 1,…, n

solve
scattering
equations

saddle point
equations

in high energy
string theory

 celestial scattering equations

Celestial scattering equations



𝒜n = ∫ℳ0,n

dμn ℐ̃({𝒫i, ξ̃i, zl}) ℐ({𝒫l, ξl, zl})
n

∏
l=1

′￼

δ( fl)

× 2π δ (i(
n

∑
i=1

Δi − 4)) Fn({Δr, qr, sr})

scattering equations 
in celestial coordinates:

fi := ∑
j≠i

ϵiϵj ωiωj qiqj

zi − zj
= 0 , i = 1,…, n equations for

 zi ∈ CS2

Fn({Δi, qi, ϵi}) =
1
u ∏

l,r

Θ(ulr) ∫
1

0

n

∏
r=5

dξr

ξr
ξΔr

r

4

∏
l=1 (

n

∑
r′￼=5

ulr′￼ξr′￼)
Δl−1

δ (1 −
n

∑
r′￼′￼=5

ξr′￼′￼)
cf. Schreiber,  Volovich, Zlotnikov (2017)

Casali, Sharma (2020)

  integrate four integrals => n-4 integrations left overn > 4 : ωi−

with minors  and u = | (1234) | ulr = − ϵlϵr
(12…l − 1rl + 1…4)

(1234)

Aomoto-Gelfand hypergeometric functions 
over Grassmannian Gr(n-4,4)

𝒫μ
l := ϵl qμ

l e∂Δl

Adamo, Mason
Sharma (2019)



Moduli space of celestial scattering

momentum conservation:
n

∑
i=1

pi =
n

∑
i=1

ϵi ωi qi(z̄l, zl) = 0

gives allowed region     for  
n

⋃
i=1

{(ϵi, zi, z̄i)} ωi > 0

Actually, celestial amplitudes are overconstraint by translational invariance 
or D=4 momentum conservations are too strong:

• 3-pt and 4-pt amplitudes vanish everywhere 
except for a measure zero hypersurface of celestial coordinates

• similar constraints persist for higher-point amplitudes:
n-point amplitudes supported only on certain patches of  :CS2

Mizera, Pasterski (2021) 

ℳn≥5 = (CP1)n\ ⋃
i,j,k,l

{ℑ(rijkl) = 0}/SL(2,C)
rijkl =

zijzkl

zikzjl

 moduli space of
open tree-level 
string theory

→



Single-valued celestial amplitudes

Way out:

• supply background momentum 
by coupling to dilaton background field

• go to (2,2) signature, but still delta-functions in low-point amplitudes
(no power of holomorphy) 

• consider celestial scatterings in
non-trivial backgrounds

Fan, Fotopoulos, 
St.St., Taylor, Zhu (2022) 

Casali, Melton,
Strominger (2022) 

de Gioia, Raclariu (2022),
Gonzo, McLoughlin, Puhm (2022) 

Fan, Fotopoulos, 
St.St., Taylor, Zhu (2021)• consider amplitudes involving shadow fields

Note: power of complex analysis 
(holomorphy, Cauchy theorem, analytic continuation) 

are indispensable for CFT (conformal block decomposition, …)

Note: this is similar to Coulomb gas formulation of minimal models
where correlators also vanish in absence of background charges 

our dilaton source (charge) plays the role as the U(1) background charge in Coulomb gas models 

Celestial gluon amplitude:  => no crossing symmetry and no conformal block-decomposition δ(z − z̄)



(akin KZ equations)

Note: In conventional CFT (e.g. minimal models, WZW, …)
two- and three-point correlation functions of primary fields 

are determined by conformal invariance 

four-point correlators are then constructed from solutions to PDEs

Note: tree-level string amplitudes are also single-valued in kinematic invariants 
and fulfill KZ like equations

• D=4 conformal blocks

• Coulomb Gas description

• Liouville description

our solution:

Assume: four-point celestial correlators are constructed from solutions to PDEs

• conformal block decomposition in D=2

Fan, Fotopoulos, 
St.St., 

Taylor, Zhu 
(2021, 2022) 

• hypergeometric function Appell F4

St.St., Taylor, Zhu (2022)

• single-valued on (entire) CS2<latexit sha1_base64="/dYlVXl5066LqitLjbVRNOh5BSA="></latexit>8
>><

>>:



Celestial KZ-type equations

for positive helicity gluon  we have:i
Hu, Ren, 

Srikant, Volovich 
(2021) (λα

i−1
∂

∂λα
i

− λ̃ ·α
i

∂
∂λ̃ ·α

i−1 ) 𝒜n =
⟨i − 1 i + 1⟩

⟨i + 1 i⟩
𝒜n

from considering BCFW shifts

in celestial coordinates:

Banerjee, Ghosh 
(2020) 

(KZ-type equations)

[−(Δi + zij
∂

∂zi ) +
zi−1, j

zi−1,i
+

zi+1, j

zi+1,i
− 1] 𝒜̃n

+ ϵiϵj (Δj − Jj − 1 + z̄ji
∂

∂z̄j ) e
∂

∂Δi
− ∂

∂Δj 𝒜̃n = 0

from consistency requirements
of subleading soft theorem 
with OPEs of primary fields

solution: 𝒜̃4 = ⟨ϕa1,−ϵ
Δ1,−

(z1, z̄1) ϕa2,−ϵ
Δ2,−

(z2, z̄2) ϕa3,+ϵ
Δ3,+

(z3, z̄3) ϕa4,+ϵ
Δ4,+

(z4, z̄4)⟩ x =
z12z34

z13z24

= ( f a1a2b f a3a4b 1
z12z23z34z41

+ f a1a3b f a2a4b 1
z13z32z24z41 ) z2

12

z̄2
12

𝒮4({zi, z̄i})
<latexit sha1_base64="DRFWmfkcKRc2ng0HjfZDI6F0wx4="></latexit>| {z }

gauge sector

<latexit sha1_base64="eBoUaWQnUxXWnziOl9ZOYwc23Iw="></latexit> | {z }
Coulomb Gas



our single-valued amplitudes correspond to 
(Mellin transforms of) Dilaton-YM gluon amplitudes 

Note: dilaton naturally accompanies graviton in closed superstring theory

dilaton couples 
at (off-shell)

momentum Q
n

∑
i=1

pi = Q

J
H
E
P
0
8
(
2
0
2
2
)
2
1
3

Q

J(Q)

Figure 1. Gluon scattering in the background of dilaton field.

Figure 2. Feynman diagrams for three gluons coupled to the dilaton source.

in figure 2 the diagrams contributing to three-gluon amplitudes. Similar processes have
been studied in the past in the context of effective theory describing massive Higgs bosons
and axions coupled to gluons in the standard model [20]. The MHV (partial) amplitudes
are given by

M(1−, 2−, 3+, · · · , N+)Φ(Q) =
〈12〉4

〈12〉〈23〉 · · · 〈N1〉 , (3.12)

with the Parke-Taylor (PT) denominator determined by the group factor [13]. Although
this looks the same as the Parke-Taylor formula [21], the momentum conservation works
in a different way because ∑ pout −

∑
pin = Q, therefore the dilaton supplies momentum

to the gluon system. Furthermore,

M(1−, 2−, 3+, · · · , N+)Φ∗(Q) = 0 , (3.13)

and

M(1+, 2+, 3−, · · · , N−)Φ(Q) = 0 , (3.14)

M(1+, 2+, 3−, · · · , N−)Φ∗(Q) =
[12]4

[12][23] · · · [N1] , (3.15)

therefore Φ couples to MHV amplitudes and projects out the MHV sector, while Φ∗ projects
out MHV amplitudes and couples to the MHV sector, as expected from their couplings to
the anti-selfdual and selfdual gauge sectors, respectively. There are also some amplitudes
that are non-zero for off-shell dilatons only, for example

M(1+, 2+, 3+, · · · , N+)Φ(Q) =
(Q2)2

〈12〉〈23〉 · · · 〈N1〉 . (3.16)

– 16 –

source :
J(Q) = μ(2π)4 δ(Q2)

propagator :
1

Q2

𝒜(1−,2−,3+, …, n+)Φ(Q) =
⟨12⟩4

⟨12⟩⟨23⟩…⟨n1⟩
Dixon, Glover, Khoze

(2004) 



• solution factorizes into a current (soft) and scalar part:

infinite central charge limit of Liouville theory

• scalar part:  complex integral like Dotsenko-Fateev (Coulomb gas)

• gauge (soft) factor:  group-dependent part of  WZW correlator of  currentsn

𝒜̃n(z1, z̄1, …, zn, z̄n |Δ1, …, Δn) = 𝒥n(zi) 𝒮n(zi, z̄i)

𝒜̃4 = ⟨ϕa1,−ϵ
Δ1,−

(z1, z̄1) ϕa2,−ϵ
Δ2,−

(z2, z̄2) ϕa3,+ϵ
Δ3,+

(z3, z̄3) ϕa4,+ϵ
Δ4,+

(z4, z̄4)⟩Φ(Q)

= ( f a1a2b f a3a4b 1
z12z23z34z41

+ f a1a3b f a2a4b 1
z13z32z24z41 ) z2

12

z̄2
12

𝒮4({zi, z̄i})

•   can be written as single D=4 conformal block,
should be related to D=4 conformal symmetry of SYM

𝒮4

Comments:



Conformal blocks
standard CFT:  conformal block decomposition of correlation functions
                       comprises full spectrum  information on all states→ →

G21
34(x, x̄) = lim

z1,z̄1→∞
z 2h1
1 z̄ 2h̄1

1 ⟨ϕa1
Δ1,+

(z1, z̄1)ϕ
a2
Δ2,−

(1,1)ϕa3
Δ3,+

(x, x̄)ϕa4
Δ4,+

(0,0)⟩
OPE

ϕ3(x, x̄)ϕ4(0,0) = ∑
p

Cp
34 xhp−h3−h4 x̄h̄p−h̄3−h̄4 Ψp(x, x̄ |0,0)

!= ∑
p

Cp
34C

p
12 A21

34(p; x, x̄) = ∑
p

Cp
34C

p
12 ℱ21

34(p; x) × ℱ̄21
34(p; x̄)

Di Francesco, Mathieu, Senechal  (1997)

conformal blocks
(holomorphic 

factorization in  and )x x̄

1

2 3

4

pA21
34(p; x, x̄) = = ℱ21

34(p; x) × ℱ̄21
34(p; x̄)

s-channel representation

D=2 channel  (12 ⇌ 34)2



Explicit expression for conformal blocks is not known in general:

ℱ12
34(p; x) = xhp−h3−h4

∞

∑
K=0

ℱK xK

we want to understand this on  CS2

Osborn (2012)

however, if we deal only 
with primary fields with conformal dimensions  

we have:
(h, h̄)

ℱ12
34(h; x) = xh−h3−h4 2F1 [h − h12, h + h34

2h
; x]conformal block:

K21
34[h, h̄] := ℱ12

34(h̄; x̄) × ℱ12
34(h; x)



cf. also Guevara, Himwich, Pate, Strominger (2021)

Strominger (2022)
infinite tower of tree-level soft graviton symmetries

can be organized into  symmetry algebraw1+∞

appearance of
W algebras 

in celestial symmetry

𝒜̃4 = ⟨ϕa1,−ϵ
Δ1,−

(z1, z̄1) ϕa2,−ϵ
Δ2,−

(z2, z̄2) ϕa3,+ϵ
Δ3,+

(z3, z̄3) ϕa4,+ϵ
Δ4,+

(z4, z̄4)⟩Φ(Q)

= ( f a1a2b f a3a4b 1
z12z23z34z41

+ f a1a3b f a2a4b 1
z13z32z24z41 ) z2

12

z̄2
12

𝒮4({zi, z̄i})

Recall:

G𝒮(x, x̄) = lim
z1,z̄1→∞

ziλ1
1 z̄iλ1

1 𝒮4(z1; z2 = 1; z3 = x; z4 = 0)

=
∞

∑
n=0

{an K21
34 [n +

iλ3 + iλ4

2
, n +

iλ3 + iλ4

2 ](x, x̄)

+bn K21
34 [n + 2 −

iλ3 + iλ4

2
, n + 2 −

iλ3 + iλ4

2 ](x, x̄)}
two sets of primaries 

contributing

infinite number of symmetries

infinite tower of primary fields

CCFT symmetries go far beyond BMS

hn = h̄n = n +
iλ3 + iλ4

2

hn = h̄n = n + 2 −
iλ3 + iλ4

2

spin 
gauge singlets

J = 0



Further Directions

• clarify impact of Coulomb gas formalism                            

 - yield further symmetry constraints on amplitudes !

 - what are the fundamental symmetries of nature ?

and relations to string theory

 - Aomoto-Gelfand hypergeometric structure

 - moduli space 

• understand better celestial amplitudes

 - celestial double copy 


