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PM EFT [GK, Porto 2006.01184]
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[GK, Porto 2006.01184]
PM-EFT: Coupling gravity to massive worldlines

▶ Purely classical

▶ Perturbative expansion in G: QFT toolbox

▶ EFT methodology: Full action → effective action
→ deflection/fluxes/waveform/. . .

▶ Complete: radiation, finite size, spin, n-body

▶ Spin: [Liu, Porto, Yang 2102.10059]

Full theory

SEH = −2M 2
Pl

∫
dDx

√−gR[g]

Spp = −
∑

a

ma

2

∫
dτagµν(xa(τa))ẋ

µ
a(τa)ẋ

ν
a(τa) + . . .

SGF + STD = . . .

(Classical) Path integral for the eff. action

eiSeff[xa] =

∫
Dhµνe

iSEH[h]+iSGF[h]+iSTD[h]+iSpp[xa,h]

▶ 2-point Lagrangian: 2 terms

▶ 3-point Lagrangian: 6 terms

▶ 4-point Lagrangian: 18 terms

▶ 5-point Lagrangian: 36 terms
Feynman diagrams
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PM EFT [GK, Neef, Porto 2207.00580]

Radiation reaction.

▶ Causal boundary conditions: in-in formalism = doubling of fields/WLs

S[h1, h2] = SEH[h1]− SEH[h2]

−
2∑

A=1

κmA

2

∫
dτA

[
h1,µν(x1,A(τA))ẋ

µ
1,A(τA)ẋ

ν
1,A(τA)

−h2,µν(x2,A(τA))ẋ
µ
2,A(τA)ẋ

ν
2,A(τA)

]

▶ BUT: when computing the variation of the action it simplifies almost to the
usual in-out rules with the difference Feynman → ret/adv propagator.

▶ Remember also Stefano’s (PN-EFT) and Gustav’s (WQFT) talk.
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PM EFT [GK, Neef, Porto 2207.00580]

Diagrammatically:

δSeff[x+, x−]
δxα1−

∣∣∣∣
1PM

x−→0
x+→x

= +

δSeff[x+, x−]
δxα1−

∣∣∣∣
2PM

x−→0
x+→x

= + +

δSeff[x+, x−]
δxα1−

∣∣∣∣
3PM

x−→0
x+→x

=

+ + +

+ + + + + . . .
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PM EFT [GK, Porto 2006.01184]

Trajectories.

▶ Variation = equations of motion:

δS in-in
eff

δxµa−

∣∣∣∣
x−→0
x+→x

= 0

▶ Compute trajectories in a Post-Minkowskian expansion:

xµa (τ1) = bµa + uµa τa +
∑

n

G nδ(n)xµa (τa)

▶ b = b1 − b2 impact parameter
▶ ua incoming velocities at past infinity

u1 · u2 = γ , ua · b = 0 .

▶ Single scale γ
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PM EFT [GK, Porto 2006.01184]

Observables.

Using the above trajectories we can directly compute observables:

Impulse

∆pµ1 = m1

∫ +∞

−∞
dτ ẍµ1 = −ηµν

∞∑

n=1

∫ +∞

−∞
dτ

δLin-in
n

δxν1−

∣∣∣∣
x−→0
x+→x

,

Generic “boundary” observable

∆Oµ1···µn =

∫ +∞

−∞
dτIµ1···µn

O [x1±(τ), x2±(τ)]

The whole procedure is fully automatized in the GiNaC-based C++ library WoLF
(developed with J. Neef)

(to be published soon)
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4PM [Dlapa, GK, Liu, Neef, Porto 2210.05541; Dlapa, GK, Liu, Porto (upcoming)]

Integration procedure at 4PM.
Short summary

Most of it was discussed in Christoph’s talk this morning.

▶ PaVe-style tensor reduction

▶ Map to integral families

▶ IBP reduction (careful about ret/adv vs Feynman): 1094 MIs

▶ Compute MIs by method of differential equation

▶ Compute (independent) boundary integrals using the method of regions
▶ cons: pot+ Re(rad2) (with Feynman i0)
▶ full: pot+ rad1 + rad2 (with ret/adv i0)
▶ pot: Direct via parametrization
▶ rad: PN-style factorization in momentum space

4PM rad2 example: ℓ ∼ (v∞, 1) , ki ∼ (v∞, v∞)

ℓ↑

k1
→

k2
←∫

ℓ,k1,k2

δ(k1−ℓ)δ(k2+ℓ)δ(ℓ)
ℓ2(ℓ−k1)2(k2+ℓ−q)2(l−q)2(k1+k2)2k2

2k
2
1
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Gregor Kälin (DESY) QMG 2022 15.12.2022 7 / 22



4PM [Dlapa, GK, Liu, Neef, Porto 2210.05541; Dlapa, GK, Liu, Porto (upcoming)]
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↗

(ℓ·n,k2)
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∫
ℓ,k1,k2

δ(k1−ℓ)δ(k2+ℓ)δ(ℓ)
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2
1

∫
ℓ

1
[ℓ2]2[(ℓ−q)2]2

∫
k1,k2

v2d−6
∞

(k1−k2)2(k2
2−(ℓ·n)2)(k2

1−(ℓ·n)2)

[Galley, Leibovich, Porto, Ross 1511.07379]
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4PM [Dlapa, GK, Liu, Neef, Porto 2210.05541]

Radiation-reacted impulse at 4PM.

∆(n)pµ1 = c
(n)
1b b̂µ +

∑

a

c
(n)
1ǔa

ǔµa
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4PM [Dlapa, GK, Liu, Neef, Porto 2210.05541]

Checks on the impulse.

▶ Recovered conservative (potential+Feynman rad2) contributions.
▶ Previously obtained by [Bern et al.; Dlapa et al.]

▶ New radiative pieces in agreement with partial results in PN [Bini, Damour,
Geralico; Cho, Dandapat, Gopakumar] and PM [Manohar, Ridgway, Shen].
▶ e.g. linear response: b-direction, rad1 pieces.

▶ Total mechanical impulse checks with PN data.

▶ Fulfills many consistency conditions: pole cancellation, IR div cancellation,
mass-polynomiality, on-shellness, . . .
(see also [Bini, Damour, Geralico 2210.07165])

▶ Numerical checks of boundary integrals (also using machine learning
techniques) [Jinno, GK, Liu, Rubira 2209.01091]
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4PM [Dlapa, GK, Liu, Neef, Porto 2210.05541]

Massless limit of the impulse.

▶ No smooth massless limit, keeping s fixed (γ = (s −m2
1 −m2

2)/(2m1m2)):

∆(4)pµ1
ma→0−→ 35πs3

64m1b4
(7 + 8 log(2)− 12 log(2)2)b̂µ +O(ma)

Note the absence of O(m0
a) terms!

▶ Comes from conservative + rad1 (= linear response) pieces.

▶ Could only be “fixed” by inconsistent conservative-looking contributions
(note the mass structure!).
See also [Damour, Bini, Geralico 2210.07165] using a symmetry &
mass-polynomiality argument.
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4PM [Dlapa, GK, Liu, Neef, Porto 2210.05541]

Radiated energy.

▶ ∆Ehyp = Prad · m1u1+m2u2
M2

▶ Agrees with state-of-the art PN results.

▶ Extract the energy flux in an adiabatic expansion: can be used for generic
bound and unbound orbits (B2B!).
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4PM [Dlapa, GK, Liu, Neef, Porto 2210.05541]

High-energy (massless) limit of the radiated energy.
The second energy crisis

▶ Similar high-energy/massless limit problem for the energy

b4Γ∆E 4PM
hyp

G 4M5ν2
γ→∞−→ 13696

105
γ3ν log(2γ) .

▶ Remember, already at 3PM there is a problem

b3Γ∆E 3PM
hyp

G 3M4ν2
γ→∞−→ 35

8
πγ3(1 + log(4))

▶ More energy emitted than available. Break-down of perturbation theory for
very large γ! ⇒ non-analyticity in G . [Kovacs, Thorne; Gruzinov, Veneziano;
Ciafaloni, Colferai, Coradeschi, Veneziano; Di Vecchia, Heissenberg, Russo,
Veneziano]

▶ Again: O(m0
a) terms are absent.
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4PM [Dlapa, GK, Liu, Neef, Porto 2210.05541]

Relative scattering angle.

▶ Computed relative scattering angle (see e.g. [Bini, Damour, Geralico
2107.08896])

▶ Agrees with state-of-the art PN results [Bini, Damour, Geralico 2107.08896].

▶ Remember also Stefano’s talk: Relative frame with recoil.

▶ Includes new conservative-looking terms ∝ ν2.
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Scattering angle [GK, Porto 1910.03008 & 1911.03130]

Partial resummation via Firsov.

Used extensively in the context of the boundary-to-bound (B2B) map, the Firsov
formula can be used to resum certain contributions to all order in G .

χ(b) = −π + 2b

∫ ∞

rmin

dr

r
√
r2p2(r)/p2∞ − b2

⇔

p2(r)/p2∞ = exp

[
2

π

∫ ∞

r |p(r)/p∞|

χ(b)db√
b2 − r2p2(r)/p2∞

]

1 Compute p2(r) = p2∞(1 +
∑m

n=1 fn(GM/r)n) from scattering angle up to
fixed order m in G via Firsov.

2 Use the truncated p to compute an all-order expression for the angle χ[fm]
using the former relation. We call this the “fm-theory” resummation.

3 Profit!

(Note: A partial resummation of this kind needs to be performed in B2B to obtain
quasi-circular bound from unbound observables at a fixed PN order.)
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Scattering angle

Partial resummation via Firsov.

Thibault Damour and Piero Rettegno performed this resummation and compared
to NR!

Plot from [Damour, Rettegno 2211.01399]

Non-resummed vs L-resummed Firsov-resummed .
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Summary

Summary.

▶ Our PM-EFT approach is a complete, systematic, and efficient framework for
the description of the gravitational n-body problem, including spin and tidal
effects.

▶ Completed 4PM impulse, energy loss, and energy flux by adding
radiation-reaction effects.

▶ The (resummed) full 4PM kinematics agrees nicely with NR data.

▶ Ultra-relativistic & massless limit requires deeper analysis.

▶ Via B2B: eccentric bound orbits.
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Challenges

Challenges.
“Shut up and calculate?!”

▶ Spin & tidal effects at 4PM: book-keeping

▶ 5PM: Integration (IBPs, DEs, BCs)

▶ Ultra-relativistic & massless limit

▶ B2B: Non-local terms

▶ PM waveforms

▶ Resummation strategies

*This project has received funding from the European Research Council (ERC) under the

European Union’s Horizon 2020 research and innovation programme (grant agreement No

817791)
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Numerical integration [Jinno, GK, Liu, Rubira 2209.01091]

Numerical integration using machine learning.

▶ Why?
▶ Cross-checks are important and incredibly useful
▶ Might be the only available method at higher loops
▶ Analytical bootstrap

▶ Need fast algorithms for high precision!

▶ Our idea: teach a neural network to optimize the Monte-Carlo integration
making use of the normalizing flows technology.
▶ Importance sampling: Pick points for sampling such that regions of large

integrand f gain more weight.
▶ i.e. take a distribution x(G), dG = g(x)dx

I =

∫
Ω

dxf (x) =

∫
Ω̃

dG
f (x(G))

g(x(G))

that minimizes the variance

σ2 =
1

N − 1

[
1

N

∑
i

(
f (Gi )

g(Gi )

)2

−

(
1

N

∑
i

f (Gi )

g(Gi )

)2]
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Numerical integration [Jinno, GK, Liu, Rubira 2209.01091]

A machine learning setup using neural networks is able to learn such distribution
s.t.

▶ it is fast to evaluate,

▶ it is fast to invert.
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Numerical integration [Jinno, GK, Liu, Rubira 2209.01091]
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PN relative angle

Even terms of PN expanded relative angle have ν2 term at 5PN:
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