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Analytic evaluation of scattering amplitudes
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Standard approach @multi-loop level

This talk: we study and prove a connection
between Landau and leading singularities for
N-point one-loop Feynman integrals
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D=n :: Landau Singularities of first type
D=n+1 :: Landau Singularities of second type

Leading and Landau singularities in

Feynman integrals
[2210.09872 hep-th]
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Outline

(O Motivation

() Space-time dimension in parallel & orthogonal directions

(O Landau & Leading singularities
O Differential equations
(O Conclusion/Outlook
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Preliminary

In loop calculations, one finds

L dDLﬂ Hm Dk_’/k
JOPA, .. nin+1,... m)=JH S ol
N ) 9 D 9 9 n L:
5 1 7D/2 szleJ

First principles
What to do?
Get mathematical insights

¢ Evaluate them? Everything is connected!

¢ Analyse them?
Profit from mathematical properties

Keep into account behaviour dictated by physics

Investigate further mathematical formalism
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Algorithms for computing Feynman integrals

Standard approach

¢ DEQ :: Feynman integrals are not independent
0. J (x) = A(x,€) J (x)

y 2
Cangmcal form . . . 1 6(_2+n_€2+ L (&))
Conjecture: there exist a basis of uniform e e

transcendental weight functions

[Henn (2013)]

0.2(x) = eBRTE) —yp dg(x.€) =€ (dB) g(x;€)
= Uniform weight function
B = Z B, log a,(x)
k

¢ Solution in terms of iterated integrals :: HPL/GPL (PolyLogs)

‘ﬁ(al,...,an;x)zjdt 1 ?(al,...,an_l;t)

bl 4y Numerical implementations:

GinaC, HandyG, FastGPL, ...
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Feynman integrals in D = Dy + D,

¢ Decomposition of space-time dimension :: D = D, + D,

Loop momenta .
|
external

a

Zxﬂicf[D] = fa i fa fi,[D”] = Zaijpja

i,[D)]  Ci[Dl] = momenta

DJ_
£ =4 =D bywf  orthogonal
=1

momenta
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Feynman integrals in D = Dy + D,

¢ Decomposition of space-time dimension :: D = D, + D,

Loop momenta D,

Ciip = fi(,l[D”] = fi(,x[Dl] fis Dy ~ Z L

sl

DJ_
4oy =4 = L bof
j=1

¢ @one-loop

Gram determinant
of external momenta

¢ @multi-loop

JOD o, ¢

D
)] i1l
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Gram determinant of A’s

external
momenta

orthogonal
momenta

DJ_
i i 2
k=1

Directly connected with
Baikov representation




Landau singularities

¢ Landau equations

Feynman integral are many-valued analytic function whose
singularities lie on some algebraic varieties — Landau Varieties

g-—me=0ora=0

oD,
Zaia_kj = Z%%‘zo

Z(%’%’) a;=0

¢ Landau singularity

LanS = det(g; - ¢) =0

Make use of decomposition
of space-time dimension
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One-loop Landau singularities in D = Dy + D,

¢ Landau equations LanS,”  detlg - g) — 4 det <(P,- 'pj)(n-——l)x(n——l)>

On-shell conditions!
i—1 Dy

e = _mi2+mz%r1 = 22 (Pi 'Pj> _pi2 o 22 (pi 'pj> a;=0
Jj=1 i ’
D, solve for a;’s

D~ Z (Pj‘Pk) ajak_m12+/111 =

=1
- solve for 4,

¢ One-loop triangle in D=3

P2
i =aypl+a,py+ A

5 e
A =m{ —aip; —a;p; +a;,a, (pl +P; —p3)

P

1
LanSgl) = - + cycl. perm. .
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Leading singularities

¢ One-loop Feynman integrals evaluate to special numbers & functions

g,,;é% gt Ll Clo.. aln

¢ Main motivation —> find integrands :: dx/x

¢ One-loop massless triangle in D=4

oobile.
(k1 —P1)2k12 (kl +P2)2

= ldlog (K, —p1)2 d log k? d log (k +p2)2 dlog (2k - &)
S

leading singularity
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One-loop leading singularities in D = Dy + D,

¢ One-loop Landau singularities in D = D + D,

Dy

(.D, = (1) ; (D, -2)/2
Ju j[D”]JHdald/ln/lll

|
N
Hj=1Dj

arbitrary space-time dimension

¢ Study various values for D,

1 D D D
JUD=3 & Jdlog = Adlos—— hdler =,

2 8\/ —LanSy” o 2 2
1

Jél),D=4 o
4/ 2K (P?.p3.P3)

— No d log representation

[dlong Adlog D, AdlogDsy,

(1),D>5
J3
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Connection between leading & Landau singularities

i - y/LanS,

D=n :: Landau Singularities of first type
D=n+1 :: Landau Singularities of second type

Theorem 4.1. The leading singularity of an n-point one-loop Feynman integral in D = n+ 1

space-time dimensions is equal to =1/ (2™\/—det (p; - p;)), withi,j5 <n— 1.

Theorem 4.2. The leading singularity of an n-point one-loop Feynman integral in D = n
space-time dimensions is equal to +1/ (2" V(=1)P ‘lLanS>

¢ multi-dimensional theory of residues due to Leray

Lemma B.4. The leading singularity of the integrand [ [, da; 1/ (K1 K> --- Ky) is equal to
1/ det (zij), where K; is a linear function in the integration variables, K; = xio+ Z?=1 Tii Qj.
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Dlog representation of one-loop Feynman integrals

Conjecture 1. An n-point Feynman integral can be written in one of the following forms
depending on the space-time dimension D,

1 D Dy, e

J:D=n 4 /dlog ZLALA dlog —, with 1,5 < n, (4.25a)
2n \/ —LanS{" D+ Dy

1

et (pi - p;)
— No dlog representation, (4.25c¢)

/dlongl\.../\dlogDn, with i,7 <n—1, (4.25b)

J(l),D=n+1 ~
" 2n,/—d

J(1),D>n+2

where det (p; - p;) can be identified with the Landau singularity of the second type, and Dy
are calculated by imposing the on-shell conditions D1 = Dy = ... = D, = 0.
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Differential equations of one-loop Feynman integrals

Master integrals (Laporta basis)

0 30~ )X 4.
><(K

. (8)

s—(p o =l tp)yr. pi—m .

¢ 0.J =M(x,e)J —> 0.8 =€A. g

Transform differential equation into canonical form
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Differential equations of one-loop Feynman integrals

s—(p o =l tp)yr. pi—m .

Master integrals (Laporta basis)

><(K

0 30~ )X 4.

(c)

¢ Canonical differential equations (0, g = €A, g) in even & odd dimensions

g =¢ J(l) D=2-2¢ (1)

gs=em J(l) D=2-2¢ (1 4) ’

g3 = €/=s (4m? — 5) J; P (1,3)

gs = €4/—t (4m?2 —t) Jél)’D=2_2€ (2,4) ,

gs = €2 \/—s (4m? — s) Jél)’D:4_2e (1,2,4) ,
g6 = €2 v/—t (4m? — t) J{VP=172(1,2,3) |

g7 = €2 \/st(12m* — 4m? (s + t) + st) JLP=172 (1,2, 3, 4) .
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g1 = eVm2 JDP=172 (1)

g2 =

.2 sz(l),D=3—2e (1,4) .

&2 \/_—8J2(1),D=3—2€ (1,3) |

&2 \/——tJ2(1)’D=3_2€ (2,4) ,

€ \/—sm2 (3m2 — s) J\VP=372¢ (1,2, 4) |

€2 \/—tm2 (3m?2 — t) J(l) D=3-2¢(1 9.3) ,

€3 \/—st (4m? — s — )J(I)D =572¢(1,2,3,4) .




Multi-loop leading singularities :: Leray’s residues

ps_/&a&@ 1
w2 am? (0 — p1)® (b — p1)* (€2 +p2)” (61 — £2)* (6 — L2 — p2)°

Parametrisation of loop momenta /¢ = a;1 p§ + a2 p§ + A&,

Compute residue :: Leray’s residue

7(2).D=1 1 V1122 — A%,

3oy ~
NP;3-pt 16/\K (p%,pg,pg) /\11 (a21 — agy — 1) — /\12 (all —ai12 —a22 — 1) — 0'12’\22

Solve for integration variables \/,\11 Np— N2y = £ = (0 —pp) = o= (b — by — pa)2 = 0

_ 1
7(2).D=4

~J

NP T160k (pF, 13, 03)
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Multi-loop leading singularities :: loop-by-loop

¢ integrate out loop-by-loop in D=4

Yii by s

\r€12

4 ;Pl Lo ;pl

—

¥ 41 +p23

guiol il
e R
K Geiwp ol or

¢ Integrals in top sector needed to generate canonical differential equations

INITIAL algorithm  <<Dlapa
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Analytic evaluations

¢ We have reached:

4 Connection between leading & Landau singularities
4 Extensive use of the multivariate theory of residues :: Leray

M Useful input for the generation of differential equations in canonical form

¢ Open questions & future directions

[ classification of Landau varieties for 2 —> 2 processes (curves) and beyond
[ relation between Landau and leading singularities for multi-loop integrals

[J connection between alphabet and Landau singularities

William J. Torres Bobadilla
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