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Overview
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Intersection theory 

Amplitudes: relations 
& intersection theory 

Double copies 

φL φR∙

∙
∙

∙

ℂℙn−3

zi

φL φcolor

z i

φL

z i

φcolor

Re(z)

Re(w)

f1 = Re(z ) − 2

f2 = Re(w) − 5
f3 = Re(z ) + Re(w) − 2
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Intersection theory 

Re(z)

Re(w)

f1 = Re(z) − 2

f2 = Re(w) − 5
f3 = Re(z) + Re(w) − 2



❖ We start by defining the “configuration space” of genus zero punctured 
Riemann sphere with -punctures  : n zi

A tale of a Riemann Surface
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ℳ0,n = {(z1, . . . . , zi, . . . . , zn) ∈ (CP)n−3 , i ≠ j, k, l | ∀
m≠n

zm ≠ zn} .

∙

∙∙

∙

ℂℙn−3

zi

zl zk

zj



Taking the punctured Riemann Sphere one can define the cohomology
 of -forms  with the equivalent classes with the Gauss-Manin 

connection :
(n − 3) φ

∇±ω

[φ] ≃ φ + ∇±ωξ ,

So the twisted cohomology group is then given by:

Hn−3
±ω (ℳ0,n, ∇±ω) =

{φ ∈ Ωn−3(ℳ0,n) | ∇±ωφ = 0}
∇±ωΩn−4(ℳ0,n)

.

d(η ⊗ exp∫γ
ω)

= (dη + ω ∧ η) ⊗ exp∫γ
ω

∇±ω := d ± ω ∧

ξ ∈ Ωn−4(ℳ0,n)

ℒω : π1(ℳ0,n) → C×

Mizera ‘17



The intersection number 
on the twisted 

cohomology group is the 
invariant paring between 

two forms:
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⟨φL, φR⟩ω := Λ∫
X

ιω(φL) ∧ φR

Logarithmic singularities 

All intersection vertices of the hyperplane associated to  φk

⟨φL, φR⟩ω =
1
α2

φL(i = 1,j = 2)
φR(i = 3,j = 2)

ω =
3

∑
i

αid log fi = α1d log f1 + α2d log f2 + α3d log f3

φK = d log
fi
fj

X = CP1∖
3

⋃
i=1

{fi = 0}

(z, w)

Re(z)

Re(w)

f1 = Re(z) − 2

f2 = Re(w) − 5
f3 = Re(z) + Re(w) − 2

Example

Matsumoto ‘98



For the amplitudes one can define:
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ω = α′￼ ∑
1≤i, j≤n

2pipj d ln(zi − zj) ,

Further the Koba-Nielsen factor in string amplitudes is given by:

KN ≡ ∏
1≤i, j≤n

|zi − zj |
2α′￼pi⋅pj = e ∫γ ω

The  that we had before αi =
1
α2

→
1
s2

ω = ∑
j = 1
j ≠ i

2pi ⋅ pj

zi − zj

Scattering equation

QFT

String theory



Relation to string amplitudes by Poincaré duality:
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⟨Ca ⊗ KN |𝒪(z)⟩ = ∫Ca

KN 𝒪(z) ∼ 𝒜string
n (a)

The  limit of the relation we contact QFT and intersection theory:α′￼→ 0

lim
α′￼→0 ∫

Ca

KN 𝒪(z)open = ⟨PT(a), 𝒪(z)open⟩ω = 𝒜YM(a) .

Intersection of Park-Taylor and gauge forms
α′￼→ 0

Hn−3(ℳ0,n, ℒω) ≅ Hn−3(ℳ0,n, ℒω)

CohomologyHomology Twisted 
Co-Cycles

Twisted 
Cycles

Ca ⊗ KN := Ca ⊗ eiπϕ(α) ∏
1≤i<j≤n

(zi − zj)2α′￼pi⋅pj

Punctured circles
 with ordering “ ”a

∙

∙
∙

∙

ℂℙn−3



The setup of the CHY formalism is produced through the saddle point approximation
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lim
α′￼→∞

⟨φ+, φ−⟩ω = α′￼n − 3
2 ∫

ℳ0,n

dμn

n−2

∏
k=2

δ( fk) lim
α′￼→∞

φ̂+φ̂− ,

Localisation on 
Scattering equations

dμn = zjkzjlzkl

n

∏
i = 1

i ∉ { j, k, l}

dzi ,

Functional part 
of the forms

φ = φ̂(z)dz

fk := ∑
j≠k

pk pj

zj − zk
= 0 , 1 ≤ k ≤ n .

⟨φL, φR⟩ω := (−
α′￼

2πi )
n−3

∫
X

ιω(φL) ∧ φR
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Amplitudes: relations 
& intersection theory 

∙

∙
∙

∙

ℂℙn−3

φL φR

zi

φL

φR

φL

φR

φR

φL∫
φR

φL



Further, the well known amplitude relations have trivial definition 
in the cohomology:
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BCJ-KK    relations:

Equivalence classes

[φ] ∼ [φ + ∇ξ] ∇ξ = ∇φcolor = (d + ω∧ )φcolor
n−1 = ω ∧ φcolor

n−1 ∼ 0

∑
i

A(1,2,3,...,i, p, i + 1,...,N ) = 0

∑
i

xip A(1,2,3,...,i, p, i + 1,...,N ) = 0

𝒜YM(1,2,...,n) Tr(Tc1Tc2 . . . Tcn) = ⟨φcolor
n , φgauge

+,n ⟩ω

⟨φI, ∇ξ⟩ ∼ 0

xip = p ⋅
i

∑
j=1

pj



Back to the punctured sphere, two important examples are the twisted form corresponding 
to Park Taylor factor:
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φcolor
n (σ) = dμn

Tr(Tσ(1)Tσ(2)Tσ(3) . . . Tσ(n))
(zσ(1) − zσ(2)) . . . (zσ(n−1) − zσ(n))

, σ ∈ Sn .

φgauge
±,n = dμn ∫

n

∏
i=1

dθidθ̄i
θkθl

zk − zl
exp{ − ∑

i≠j

θiθj pi ⋅ pj + θ̄iθ̄jεi ⋅ εj + 2(θi − θj)θ̄iεi ⋅ pj

zi − zj ∓ α′￼−1θiθj } ,

 and the so called gauge form which relates to Yang-Mills respectively 

⟨φcolor
4 , φcolor

4 ⟩ω = Tr(Tc1Tc2Tc3Tc4)Tr(Tc1Tc2Tc3Tc4) { 1
(p1 + p2)2

+
1

(p1 + p3)2 } .

⟨φcolor
n , φgauge

+,n ⟩ω = 𝒜YM(1,2,...,n)Tr(Tc1Tc2 . . . Tcn) .

Spin-1 kinematicsColor structure
Mizera ‘17

dμn =
n

⋀
i=1

dzi



In general one can take different twisted forms and construct different field theory 
amplitudes:
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φcolor
±,n = dμn

Tr(Tc1Tc2…Tcn)
(z1 − z2)(z2 − z3)…(zn − z1)

≡ Tr(Tc1Tc2…Tcn) PT(1,2,…, n)

φgauge
±,n = dμn ∫

n

∏
i=1

dθidθ̄i
θkθl

zk − zl
exp{ − α′￼2 ∑

i≠j

θiθj pi ⋅ pj + θ̄iθ̄jεi ⋅ εj + 2(θi − θj)θ̄iεi ⋅ pj

zi − zj ∓ α′￼−1θiθj } ,

φscalar
±,n = dμn(Pf'A)n = − dμn

det A[kl]

(zk − zl)2

φbosonic
±,n = dμn ∫

n

∏
i=1

dθidθ̄i exp{ − α′￼

n

∑
i≠j (± α′￼

2θiθ̄j pi ⋅ εj

zi − zj
+

θiθ̄iθjθ̄jεi ⋅ εj

(zi − zj)2 )}

Theory

Bi-adjoint scalar

Yang-Mills

Einstein gravity

YM+(DF)2

Weyl-Einstein 

NLSM

φ− φ+

φcolor
−

φgauge
−

φcolor
+

φgauge
+

φgauge
+

φbosonic
+

φbosonic
+

φcolor
−

φcolor
−

φgauge
−

φcolor
− φscalar

+

Mizera ‘19



Using String amplitude as a source of twisted forms for a generic amplitude we have: 
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∫ℳ

r

∏
k=1

dzkdz̄k⟨
r

∏
j=1

Vo(εj, kj, zj, z̄j) ⟩S2
≈

⟨
n

∏
i=1

Vo(εi, ki, zi)
r

∏
j=1

Vo(εj, kj, zj, z̄j) ⟩D2
.

∫Ca

KN 𝒪(z) = ⟨Ca ⊗ KN |𝒪(z)⟩

This relation can be used construct 
 𝒪(z)

What about the mixed open-closed amplitude?

We can embed this integral onto the sphere

φgague
±,nφbosonic

±,n

⟨
n

∏
i=1

Vo(εi, ki, zi, z̄i)
r

∏
j=1

Vo(εj, kj, zj, z̄j) ⟩S2
.

EYM := 𝒜(1,2,...,n; 1,,2,..,.r)

Vo(εi, ki, xi) ⟼ Vo(εi, ki, zi) eiki X̃ (z̄i) Jci(z̄i), i = 1,…, n ,
Vc(εs, qs, zn+s, z̄n+s) ⟼ Vc = Vo(εs, qs, zn+s) Vo(ε̃s, q̃s, z̄n+s) , s = 1,…, r .



Putting these two inside the intersection formula we get:
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𝒜(1,2,...,n; 1,,2,..,.r) = lim
α′￼→∞

⟨ φ̃ EYM
+,n;r, φgauge

−,n+r⟩ω = ∫
ℳ0,n+1

dμn+r

n+1

∏
a=1

′￼

δ( fa) lim
α′￼→∞

φ̂gauge
n+r

̂̃φ EYM
n;r

= ∫
ℳ0,n+r

dμn+r

n+r

∏
a=1

′￼

δ( fa)
PfΨSr z̄l→zl

Pf′￼Ψn+r

(z1 − z2)(z2 − z3)…(zn − z1)
.

PM, Stieberger ’22

φ̃EM
+ (r; n) = = dμn+r ∫

n+r

∏
i=1

θ1θ2

z1 − z2
dθidθ̄i exp{ 1

2
α′￼2

n+r

∑
i, j=1

(θj θ̄j)ΨS:n (
θi

θ̄i)}

φ̃EYM
±,n;r = dμn+r ∫

n+r

∏
i=1

θ1θ2

z1 − z2
dθidθ̄i exp{ 1

2
α′￼2

n+r

∑
i, j=1

(θj θ̄j)ΨSr (
θi

θ̄i)} × exp{ ± 1
2

α′￼

n+1

∑
i, j = 1

i ≠ j

θiθjθ̄iθ̄j(ξi ⋅ ξj)
(zi − zj)2 } .

Then we have the following twisted forms: 
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One can use this embedding further on the bosonic string amplitude :

φ̃ Bosonic
±,n;r = dμn+r 𝒞n{zi}∫

r

∏
i=1

dθidθ̄i exp{α′￼2(
n

∑
j=1

εi ⋅ pj

zij
+

r

∑
j = 1
j ≠ i

εi ⋅ pj

zij
+

1
α′￼∑i ≠ j

j, i ∈ r

θiθ̄iθjθ̄jεi ⋅ εj

(zi − zj)2 )} .

φbosonic
±,n = dμn ∫

n

∏
i=1

dθidθ̄i exp{ − α′￼

n

∑
i≠j (± α′￼

2θiθ̄j pi ⋅ εj

zi − zj
+

θiθ̄iθjθ̄jεi ⋅ εj

(zi − zj)2 )}

Vo(εi, ki, xi) ⟼ Vo(εi, ki, zi) eiki X̃ (z̄i) Jci(z̄i), i = 1,…, n ,
Vc(εs, qs, zn+s, z̄n+s) ⟼ Vc = Vo(εs, qs, zn+s) Vo(ε̃s, q̃s, z̄n+s) , s = 1,…, r .

PM, Stieberger to apear



In general one can take different twisted forms and construct different field theory 
amplitudes:
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Theory φ− φ+

φgauge
−

φgauge
−

Theory

Bi-adjoint scalar

Yang-Mills

Einstein gravity

YM+(DF)2

Weyl-Einstein 

NLSM

φ− φ+

φcolor
−

φgauge
−

φcolor
+

φgauge
+

φgauge
+

φbosonic
+

φbosonic
+

φcolor
−

φcolor
−

φgauge
−

φcolor
− φscalar

+

φ̃EYM
+φ̃Bosonic

+ φ̃EM
+

Weyl Yang-Mills

Einstein Maxwell

Einstein Yang-Mills

gen.YMS

ext.DBI

φgauge
−

φ̃EYM
+φ̃EYM
+

φcolor
−

φscalar
−

φscalar
−DBI

YM-scalar

φ̃EM
+φ̃EM
+

PM, Stieberger to apear

φcolor
−
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Double copies 

φL
φcolor

zi

φ̃L

zi

φcolor



The amplitude BCJ-KK relations can be seen as equivalence classes on the twisted 
Cohomology:
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φcolor ∼ BCJ − KK

⟨φcolor
+,a , φcolor

−,b
∨⟩ω = δab , φ+,a = PT(a) ,

T1 = ⟨φ1
+, φcolor ⟩ T2 = ⟨φ2

+, φcolor ⟩

T1 ⊗ T2 = ⟨φ1
a,+, φ2

b,−⟩ .

So what can one learn on the Theory level? There is a close connection 
between BCJ-kk relation 

and Double copy 
(see Double copy section 

talks)Lets look at two theories satisfying these 
relation through color form

T1 ⊗ T2 = ⟨φ1
+, φcolor

a ⟩ 1 ⟨φcolor
b , φ2

−⟩ .

1 = ∑ |φcolor
+,a

∨⟩⟨φcolor
−,b

∨ |ω

PM, Stieberger to apear



On the amplitude level we can see we can write: 
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⟨φ1
+, φ2

−⟩ = ∑
a

⟨φcolor, φ1
+⟩ω⟨φcolor∨(a), φcolor∨(b)⟩⟨φ2

−, φcolor(a)⟩ω

= ∑
a,b

⟨φ2
−, φcolor(a)⟩ω S[a |b] ⟨φcolor(b), φ1

+⟩ω

= ∑
a,b

𝒜(a) S[a |b] 𝒜(b)

So the “Double copies” amplitude will be: 

This is the KLT matrix 
coming from the bi-

adjoint scalar

φ1
a,+ =

(m−3)!

∑
a=1

⟨φcolor(a), φ1
+⟩ω φcolor∨(a)

φ2
b,− =

(m−3)!

∑
b=1

⟨φ2
−, φcolor(b)⟩ω φcolor∨(b) ,

T1 ⊗ T2 = ⟨φ1
a,+, φ2

b,−⟩



Lets start with the simplest example: 
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T1 ⊗ T2 = YM ⊗ YM = ⟨φgague
+ , φcolor

a ⟩ 1 ⟨φcolor
b , φgague

− ⟩ = ⟨φgauge
a,+ , φgauge

b,− ⟩ = GR .

T1 ⊗ T2 = YM ⊗ bi-adjoint = ⟨φgague
+ , φcolor

a ⟩ 1 ⟨φcolor
b , φcolor

− ⟩ = ⟨φgauge
a,+ , φgcolor

b,− ⟩ = YM .

Theory

Yang-Mills

Bi-adjoint scalar

YM+(DF)2

NLSM

gen.YMS

YMS

φ− φ+

φcolor
−

φcolor
+

φgauge
+

φbosonic
+

φcolor
−

φcolor
−

φcolor
− φscalar

+

φcolor
−

φcolor
−

φ̃EYM
+

φ̃EM
+



In fact one more advantage of the Intersection formalism 
 is the naturally of the double copy through  :φcolor
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φscalar
+YM NLSM

YM GR Conformal 
Gravity Born-Infeld

Conformal 
Gravity 

NLSM Born-Infeld Special Galiliean

DF2

DF2

Weyl3

DF2-photon 

DF2-photon 

Theory

Theory
φgauge

+ φbosonic
+

φgauge
+

φbosonic
+

φscalar
+

Mizera ’19

Johansson, Schlotterer, et all ‘18
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φscalar
+

YMS gen.YM NLSM YM+(DF)2

YMS (EM)2 EM   EYM DBI ??

gen.YM EM   EYM (EYM)2 ?? ??

NLSM DBI ?? Special 
Galiliean Born-Infeld

YM+(DF)2 ?? ?? BI-(DF)2 photon ??

Theory
Theory

φbosonic
+

φ̃EYM
+

φscalar
+

φ̃EYM
+

φ̃EM
+

φ̃EM
+

⊗

In fact one more advantage of the Intersection formalism 
 is the naturally of the double copy through  :φcolor

φbosonic
+

⊗

PM, Stieberger to apear



Summary
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❖ We looked at the intersection theory of 
twisted forms and how to construct new ones 
through embeddings on Riemann surfaces 

❖ Using the new twisted forms we introduced more double copies

φL φR∙

∙
∙

∙

ℂℙn−3

zi

❖ Using the relation between 
color twisted form and BCJ 
relations we proposed new 
method to construct double 
copies

φL
φcolor

zi

φ̃L

zi

φcolor



Outlook
❖ Can one produce more theories through string relations ?

❖ One can use the relation between twisted forms on 
Riemann surfaces and Ribbon Graphs to make contact 
with Matrix models 

❖ Can one understand massive amplitudes and produce 
massive twisted forms ?

❖ Loop level calculations on the string amplitude level  ?



Thank you for your attention 
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∙

∙
∙

∙

ℂℙn−3

φL φR

φL

φR

φR

φL

φL

φR



Supplement 



For Pure Yang Mills, Gravity and EYM one has the following integrands
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𝒜CHY(m) = ∫
ℳ0,m

dμm

m

∏
a=1

′￼

δ( fa) ℐm(p, ε, σ) .

Theory

YM

GR

EYM

ℐm(p, ε, σ)

𝒞(1,2,...,n) Pf′￼Ψm(ka, q, ε, σ) ,

Pf′￼Ψm(ka, q, ε, σ) Pf′￼Ψm(ka, q, ε, σ) ,

𝒞(1,2,3,...,n) PfΨSr
Pf′￼ΨS(ka, qa, ε, σ) ,

Ψm = (A −CT

C B ) , A =
0 , i = j

pi pj

σi − σj
, i ≠ j, C =

−
m
∑
k≠i

εi pk

σi − σk
, i = j

εi pj

σi − σj
, i ≠ j

, B =
0 , i = j ,

εiεj

σi − σj
, i ≠ j .

𝒞(1,2,...,n) =
1

(σ1 − σ2)(σ2 − σ3) . . . (σn − σ1) Cachazo, He, Ye Yuan ’14



Embedding onto Sphere
Motivation: we require factorisation of the amplitude into two Pfaffians

Pfaffians  amplitudes↔
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xi ⟼ zi , i = 1,…, n .

For the vertex operators taking into account equations of motion 
We can extend the fields too:

Xμ(x) ⟼ Xμ(z) + X̃ μ(z̄) ⇒ {∂X ↦ ∂X
k ⋅ X ↦ k ⋅ (X + X̃ ) ,

ψμ(x) ⟼ ψμ(z) .

Vo(εi, ki, xi) ⟼ Vo(εi, ki, zi) eiki X̃ (z̄i) Jci(z̄i), i = 1,…, n ,
Vc(εs, qs, zn+s, z̄n+s) ⟼ Vc = Vo(εs, qs, zn+s) Vo(ε̃s, q̃s, z̄n+s) , s = 1,…, r .

We can compute a string like amplitude using this vertex operators on the sphere  



Understanding each part helps us better understand the amplitude
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Vo(εi, ki, zi) ⟼ Vo(εi, ki, zi) eiki X̃ (z̄i) Jci(z̄i), i = 1,…, n ,

Vc(εs, qs, zn+s, z̄n+s) ⟼ Vc = Vo(εs, qs, zn+s) Vo(ε̃s, q̃s, z̄n+s) , s = 1,…, r .

We add this current to 
produce the Park-

Taylor factor 

Result of the 
continuation to the 

sphere 

The open string vertex 
on the sphere

The open string vertex 
on the sphere

The open string vertex 
on the sphere

The double copy 
Structure

𝒞(1,2,...,n)[i∂Xβ +
α′￼

2
(kiψ)ψ β(zi)] eikiX(zi)



Rabbit Hole 

ιω : Hn−3(ℳ0,n, ∇ω) → Hn−3
c (ℳ0,n, ∇ω)

The intersection number is the product of two holomorphic top form it vanishes!!  

We compactify the Cohomology therefore the forms would be on compact support!
Therefore, the form  will be non-holomorphic. 

 
ιω(φ)

hp(z, z̄) =
1 (z, z̄) ∈ Vp

[0,1] (z, z̄) ∈ Up

0 otherwise

ιω(φ) = φ −
k

∑
i=1

∇ω(hiψi)

∇ωψi = φ → ψi = ∇−1
ω φ

Non holomorphic
Surgical removal

Solve by Series 
Expansion 
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Intersection theory String theory 

Ambitwistor 
String theory

QFT 
Scattering 

amplitudes
EYM

α′￼→ 0

Factory for 
twisted forms

Λ → 0

Choosing 
vacuum 

conditions

Soft lim
it

PM, Stieberger 
‘22

Sebastian 
Mizera ‘17

 Stieberger, Taylor ’16

Casali, Geyer, Mason, et all’14

Amplituhedron

CHY formalism 

N.Arkani-Hamed, et all’17

Intersection of 
Ploytops

??

α′￼→ ∞


