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A ta[e of a Kiemann S)u’zface

We start by defining the “configuration space” of genus zero punctured
Riemann sphere with n-punctures z; :
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Taking the punctured Riemann Sphere one can define the cohomology
of (n — 3)-forms ¢ with the equivalent classes with the Gauss-Manin

connection V. ;:
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So the twisted cohomology group is then given by:
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The intersection number

on the twisted
cohomology group is the
invariant paring between
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For the amplitudes one can define:

@ = a/ Z 2plp] dhl(Zl — Z]) ’
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The o, that we had before
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Scattering equation
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Further the Koba-Nielsen factor in string amplitudes is given by:

String theory KN = I I | Z; — Zj |2a’pi-pj — e f},a)

1<i,j<n



Twisted . Homology Cohomology Twisted

 ——
Cycles 3 Co-Cycles
Hn—3('ﬂ0,n’ ga)) ~ H"" (ﬂo,n’ ga))

Punctured circles
with ordering “a”

Ca QX KN = Ca X ei”(/b(a) H (Zi _ Zj)Za/pi'pj
1<i<j<n

Relation to string amplitudes by Poincaré duality:

(C,® KN|0(z)) = [ KN O(z) ~ ﬂ,‘i”ing(a)
Ca

The a’ — 0 limit of the relation we contact QFT and intersection theory:

lim [KN O(2)" = (PT(a), O(2)""y, = d™(a).
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Intersection of Park-Taylor and gauge forms




The setup of the CHY formalism is produced through the saddle point approximation

,; \ h—3
(PL> PR = <—L.> le(¢L) N QR

27l
X

/n—3

lim (¢, ¢_),=a > d,un H o(f) lm @ ¢

a'— 0o 05—>°0

/ \ Functional part

of the forms

p @ = @(2)dz
Hn kZji%kl H S o Localisation on

ki Scattering equations

Pip;
for= Y —L1 =0, l<k<n.
L & — K
j#k

10



PL

PL

C”:Dn—3

PL

?L

PR

Amplitudes: relations
& intersection theory

11




Further, the well known amplitude relations have trivial definition
in the cohomology:

Equivalence classes

[Cﬂ] ~ [CD + Vf] > Vf — V¢color (d+a)/\)¢collor — a)/\qpr(iollor 0

ﬂyM(l,Z,...,H) Tr(TcchZ TC) _ <§0color’ qﬂiflnuge

w

BCJ-KK relations:
ZA(1,2,3,...,i,p, i+1,.,N)=

Y X, A(123..0p.i+ 1,.N) =
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Back to the punctured sphere, two important examples are the twisted form corresponding
to Park Taylor factor:

Tr(TeMTeR)Ted) o)
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1 1
< gDcolor, ¢color>w — T’,.(TclTczTc3Tc4)T;,.(TclTczTc3Tc4) + .
! ! (p1+p2)* (P +p3)?

and the so called gauge form which relates to Yang-Mills respectively

0.0,p; - pj+ 0.0, - €+ 26, — 0)0g; - p; }
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gage — gy | T d6.d0, exp{ — ,
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<§07€010r9 goi?;ge ) —_ ﬂYM(l,z,...,H)Tr(TCITC2 o o o TCn) .
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Spin-1 kinematics
Color structure P! !
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In general one can take different twisted forms and construct different field theory

amplitudes:
Theory Q_ P+
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Using String amplitude as a source of twisted forms for a generic amplitude we have:

L%HdedZKH k53 ) |~ [ KN 0@) =(C,®KN|0()
C
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This relation can be used construct
0(z)
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We can embed this integral onto the sphere
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Putting these two inside the intersection formula we get:
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Then we have the following twisted forms:
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PM, Stieberger to apear

One can use this embedding further on the bosonic string amplitude :
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In general one can take different twisted forms and construct different field theory

~ Bosonic

P

Theory

amplitudes: Theory " 0.
Biadointscalar | 7|
Yang-Mills P (p‘{auge __________
pE™M _Einsteingravity | S RS
YM+(DF)2 (pfolor (p_li?_()sonic
Weyl-Einstein p3Ee ol (pfmomc ________
NLSM gpeotor piealar

Einstein Yang-Mills

Weyl Yang-Mills
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The amplitude BCJ-KK relations can be seen as equivalence classes on the twisted
Cohomology:

¢COlor ~ BCJ — KK

f There is a close connection
| between BCJ-kk relation
| and Double copy

\ (see Double copy section
talks)

So what can one learn on the Theory level?

Lets look at two theories satisfying these
relation through color form

T, = ((pl,> T, = (@3, >
1= Z |¢Color ><q)£olor |

T, T, = (gL, g%y 1 (", p2) . (@Sl geolor™y =5, 0, .= PT(a)

Tl X T2 — <§0c1,+9 CO[i_> .

PM, Stieberger to apear
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On the amplitude level we can see we can write:

(m=3)!
r 7'\/
Par= Y (9@, pl), 9" (a)

QT = (o)) —— =
1 2= \Py+ P, _ —\ (m—3)! y
Cﬁ;i_ — Z <¢E, @COlor(b»w wcolor (b) ’
b=1

So the “Double copies” amplitude will be:

color co OI"V co 07'\/ color
(L 0%y = Y (@ 1) (9" (@), " (b))%, 9" (@)),,

— Z <§0E, ¢col0r(a)>a) Sla | b] <¢6010r(b), §0_|1_>a) | A~

coming from the bi-
adjoint scalar
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Yang-Mills e @
"""" Biadjointscalar | gelor | g@lr
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Lets start with the simplest example:

Tl R T2 = YM® bi- ad]omt _ <¢gague, ¢aolor> 1 <¢color, color> _ <€0gauge, gDbg’c_olor> — YM.

T] ® Tz — YM® YM <¢gague, ¢a010r> 1 <§0COZOI” wgague) — <¢gauge, gDbg,a_bt(g’e> — GR .
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In fact one more advantage of the Intersection formalism
color .

is the naturally of the double copy through ¢

Theory
YM Cﬂfauge DF2 qo_lr_osonic NLSM ¢icalar
Theory
YM GR Confm:mal Born-Infeld
cauge Gravity
an
2
DF Conformal Weyl? DF*-photon
bosonic GraVIty
P+
NLSM Born-Infeld D F2_photon Special Galiliean
C0_s|"_calar
Mizera '19

Johansson, Schlotterer, et all '18
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In fact one more advantage of the Intersection formalism

is the naturally of the double copy through ¢" :
~EM » scalar bosonic
Theory ¥ i P+ P+
YMS gen.YM NLSM YM+(DF)2
Theory
oM YMS (EM)2 EMQEYM DBI ??
7y gen.YM EM®EYM (EYM)? 2? 2?
scalar SPECial
¢+ NLSM DBI ?? e Born-Infeld
Galiliean
YM+(DF)2 ?? ?? BI-(DF)Z photon ??
qp_lf_osonic
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Summa’zg

We looked at the intersection theory of
twisted forms and how to construct new ones
through embeddings on Riemann surfaces

Using the relation between
color twisted form and BC]J
relations we proposed new
method to construct double

/ / copies

Using the new twisted forms we introduced more double copies
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Out[(mk

Can one produce more theories through string relations ?

Loop level calculations on the string amplitude level ?

Can one understand massive amplitudes and produce
massive twisted forms ?

One can use the relation between twisted forms on
Riemann surfaces and Ribbon Graphs to make contact
with Matrix models
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For Pure Yang Mills, Gravity and EYM one has the following integrands

‘QYCHY(m) — [ d:um H 5(](;1) jm(pa €, 6) .
a=1

%O,m
Theory I (D €, 0)
YM €(1,2,...,n) Pt'"Y, (k,,q,¢,0),
GR P (k. q, e 0) PEY (k.q. e 0) ,
EYM €(1,2,3,...,n) Pf¥g PF¥(k,, q,.€,0) ,
w _ (A —CT 0. i=j -S is) 0, i=j,
= , _ . _ k#ti —J e
m C B A pip; i 7 C = < o | , B j ,
0i = 0 s, LFE]
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Embedding onto Sphere

Motivation: we require factorisation of the amplitude into two Pfaffians
Pfaffians <> amplitudes

x;—z , i=1,.,n.

For the vertex operators taking into account equations of motion
We can extend the fields too:

0X +— 0X

Xt(x) — XH(2) + XHA2) = {k.Xl_)k-(X+Y),

pt(x) — y(2) .

V(s kiy X)) = V(e kiy 2) €% J4(Z)), i=1,...,n,
Vc(gs’ s> Lptso Zn+s) — Vc = Vo(gs’ dss Zn+s) Vo(gs’ as’ Zn+s) > § = 1" PR

We can compute a string like amplitude using this vertex operators on the sphere
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Understanding each part helps us better understand the amplitude

Vo(gia kia ZZ) S Vo(gl" ki’ Zl) eikiX(Zi) Jci(Zl-), | = 1, R (N

Oueesapenl) <SS

i

The open string vertex Result of the We add this current to
on the sphere continuation to the produce the Park-
/ here Taylor factor
OXP i p ik; X(z;) Sp y
030+ F o e E(1.2,....n)
Vc(gs’ s> Tptso Zn+s) — Vc — Vo(gs’ qss Zn+s) VO(ES, asa Zn+s) 5 S = 1, cees I

The open string vertex The open string vertex

»  T'he double co <
on the sphere o on the sphere

Structure
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Rabbit Hole

The intersection number is the product of two holomorphic top form it vanishes!!

Ly - Hn_3('%0,n’ Va)) - H?_3(%O,n’ Vco)

We compactify the Cohomology therefore the forms would be on compact support!

Therefore, the form 1, (¢) will be non-holomorphic.

Ul U2 P Uk
Non holomorphic

Surgical removal

h,(z,7) = <

> R(2)
k
( 1 (Z, Z) c Vp la)(qo) =@ — Z Va)(hll/jl)
[0,1] (z,2) € Up > = Solve by Series

Expansion

0 otherwise V=9 —>w=V¢
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Intersection of
vacuum

Plovyt
AN & / \ conditions

Ambitwistor

Amplituhedron String theory
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