Classical scattering from coherent-spin amplitudes

Rafael Aoude
UCLouvain

QCD meets Gravity - 2022
B UCLouvain Ziirich



Based on

Mainly on...
 Classical observables from coherent-spin amplitudes

RA and Alexander Ochirov [hep-th/2108.01649]

But also...

- Searching for Kerr at 2PM
RA, Kays Haddad and Andreas Helset [hep-th/2203.06197]

- Classical gravitational spinning-spinless scattering at O(GQSOO)
RA, Kays Haddad and Andreas Helset [hep-th/2205.02809]



Pictorically...
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Pictorically...
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i The KMOC formalism:
- quantum expectation values
- chosen Initial guantum states
- classical observables when A — 0



Pictorically...

P 4+ APV Classical [imit: h — 0

Py Scattering of two coherent-spin

states mediated by a graviton

Factorizes into two 3pts.



Pictorically...

P 4+ AP Classical [imit: h — 0

P Coherent-spin amplitudes as a linear combination of definite-spin amplitudes
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Pipeline to Classical Observables with Spin
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+ higher PM orders



Pipeline to Classical Observables with Spin

Definite-spin
Three-points

On-shell amplitudes



[Arkani-Hamed, Huang, Huang '17]

Definite-spin scattering amplitudes
Spin-s: 2s indices

Using the particles’ little group: minimal coupling with a graviton {a} = {a1,a9,...,a2,}
Best behavior in the high-energy limit ©2s symmetrization
P2,1b} k,‘ 2b1 ®2s
A oy passlpn, sk, ) =~ T2
p1iat
= iy~ e

Contract all definite-spin LG indices ——> Coherent-spin amps.

Non-minimal later!
See also [Chiodaroli, Johansson, Pichini ’21] for aux. vars.

*Similar for negative helicities



Pipeline to Classical Observables with Spin

’)232 (‘231

Coherent-spin states |
261) (262)

and amplitudes
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Why coherent-states?

Rigorous framework for quantum-classical transitions

Schwinger’s construction >U(2) Massive litt
for spin-coherent states € > definite-mo
[Schwinger '52] [Arkani-Hamed,

Using coherent-spin states:
e contract with the little-group indices
® |dentify the classical spin

e KMOC formalism with the aid of coherent states

See also [Bern, Luna, Roiban, Shen, Zeng '20] for spin-coherent states

e-group of

menta ampl

Huang, Huang '17]

See also [Cristofoli, Gonzo, Kosower, O'Connell '21] for massless coherent states

itudes



Textbook coherent states

Quantum Harmonic Oscillator
H:hw(aTa—l—l/Q) —_— F,=hw(n+1/2)

NN

0 OO classical limit

o h B Finite errors in the
Uncertainties: A,z = \/%(n +1/2) App = /mwh(n +1/2) classical limit
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Textbook coherent states

Quantum Harmonic Oscillator
H:hw(ajTa{-l/Q) —_— F,=hw(n+1/2)

NN

0 OO classical limit

Finite errors in the
classical limit :(

Uncertainties: A,z = \/i(n + 1/2) App = V/mwh(n +1/2)
Tmw

. al?2/2 aat —ata
Coherent states: ila) = ala) ——  Ja) =e /2 em > 40)
Uncertainties: A7 — h A g — mwh Vanishing errors in the
' at = DML aP = 9 classical limit :)

B 2
Eo = hw(|la]]” +1/2) Saturates the uncertainty principle

For the energy to be finite  ||a||® = oo

" the classical limit -Xpectation values evolve classically



[Schwinger, 1952]

Spin-states

Schwinger’s construction: general spin from zero-spin with 2 creation ops.

T 5+S, T\ 55z
a a
( 1) ( 2) |O>,

along the z-axis

) = ,=—8,—s+1,...,s—1;s
s, s,) N CETAICETR] S S, —S + S S
Covariantize it:
h . -
a%,al] = 62, S = §ala'“bab = S, 87 = iheRS*.
SU(2)-covariant s-spin states
(a}) ™

TCZT CLJr

= 1s,{1ay1...a9.t) = ! Q
s ol = 1o - nh) = —ialal, ol




Coherent Spin-states

Coherent-spin states defined as

‘a> — 6—&aaa/26aaa2‘0> — aa‘a> — aa‘Oz),

In terms of definite spin:

OO a\(®2s
a) = Gy )T oy
S (2s)! ' 7

We want the coherent state in terms of definite spin...

because we know the general definite-spin amplitudes

See also [Chiodaroli, Johansson, Pichini '21] for aux. variables.

See Paolo’s Talk! 9



Coherent Spin-states

Coherent-spin states defined as

.'.

‘a> — 6—&aaa/26aaaa ‘O> — aa‘a> — aa‘Oz),
In terms of definite spin:
i OO a\®2s
o) = @S2 To s )

-l\a’l)/z.
= € 1 4 3 § + L
.\74 K A = 1




Coherent Spin-states

Coherent-spin states defined as

 ~ _a a T
) = e % /2 a10) = a’|la) = a®|a),
In terms of definite spin:
—(&a)/2 - (aa.)@st Lorentz-covariant SU(2) spin operator
) = e Z -|s, {ay),
‘ (2s)! b_ 1 b _—
2s8=0 Oppua — 5 (palaulp ] + [pa.‘o-u.‘p >] ;
m
Taking the classical limit (KMOC 4+ Coheren’[) See also [Cristofoli, Gonzo, Moynihan, O’Connell, Ross, Sergola, White '21]
(SH)a = HGota) — 5
= —\O&o,., S
ple 2 p hso b

(SESE)a = (S1)a(Sh)a + O(R) — shst

cl“cl
fi—0 10



Dressing the Minimal coupling

b ®2s
Minimal 3-point A(O?{b}{ y = £ (21a) z°
min 1@ 2 m25—2 ’

R N () S o St
A = A0 (py, Blpy, s k, b)) = el +I81%)/2 CAOBY



Dressing the Minimal coupling

Minimal 3-point

—(|l||?+]| 8|
Ay = A% (py, Blpy, ik, h) = e UelTHIZD2

51,82
p 00
__ 2 —([le]2+]18]1%) /2
Y e — |
3,min 9 | -
258=0

2

A0 E(2716)%
min {a} = "o 952 V7

(Bp) =2 (o)1 A(O;{b}

\/(281)'(282)' o
(Qi)! (I[;»b)@zb <27nzc;>_j ’ ( aa,)®2:,

| , 1 -
B 22 alPHIBIR)/2 gy {E B (21, aa}.

't exponentiates!

11



On-shell kinematics
Boost to the same momenta P = (p1+p2)/2 = p1 4 k/2 = py — /2

B300st for spinors

L) = U p2) (o) = 3l

4dm

(Similar for 2)

1
4m

The exponent ) 2*La)a (pr) = Au(en) () = - ([@lkles) + (et )a*(p.)

spinless term spin generator

This can be greatly simplified using heavy-variables (HPET)
|RA, Haddad, Helset, '20]

12



On-shell kinematics
Boost to the same momenta P = (p1+p2)/2 = p1 4 k/2 = py — /2

B300st for spinors
‘ 1a — (Ug » ta ' k ;
L) = U, <p1p>(\ab> — \abJ)

(Similar for 2)

P1, &

1
4m

The exponent  fu(pa) (2'Lba(p1) = o) ((a'ac) = 3~ ((e'Klaa) + (a¥lbla))a"(p2)

spinless term spin generator

2 2m

L e (Y TSk S {qci i 505204)}

overlap between coherent states

12



Classical limit and classical three-points

~actored out the standard coherent-state overlap: (S|« = o~ (llel>+1811%)/2+80

—xact cancellation between the
spinless term and the normalization

In the classical limit, we take: Ba, — (Oéa’)* —

and we can identity the spin expectation value

K
AF = ——mizxT exp {

— I.{' .
ll' _— 2 :I:2 ——k‘a-a

1
m 2

Matches the Kerr BH ‘amplitude’

Can use directly to built four-points.

notation: k* = kM

Matches 1PM results

1 A
—<~51§';>a . .
My See also [Guevara, Ochirov, Vines, '19] 13

L
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General (Definite-spin)
three-point amplitude
and

Kerr BHs




Porto, Rothstein, '00]

Matching to the wordline Porto, Rothstein, '08]

Levi, Steinhoff, '15 |

From the worldline, we can obtain the following classical amplitude

- OO0 o0

O 2n ,— C 2n+1 - ]
=+ . C~T)2 ES . 2n | BS _ 2n+1
Agen(pa k) T K’(p Sk Z (2?1)' (k CL) — HZO (2?’1 i 1)| (k CL) - )

- 11=()

Matching with the general amplitude

p 2s 2 <2b1a>®(23—n)

(0){b} : — _ +
Agen {“}(p27 8‘}?1, Sy k? +) T Y nz_ogn

© ((2%k)(k1.))"",



Matching to the wordline

The Wilson coefficients
2N

(2n)!(=2)"g;" |
Cpgn = ,,Z_% (2m — )| (Same for the magnetic)

“Superclassical” rescaling:

Classically suppressed unless 9,~0 scales with Oh™ ")

In order to model general spinning body, non-minimal couplings HOZHZ — 2_m —a2.
depends on the spin via h
(Expect for a Kerr BH) gy =1 00 = 0

Unequal spin amplitudes are also suppressed by the normalization.



Pipeline to Classical Observables with Spin

16



Four-point coherent amplitudes (general case) notation

at = i(b}’,”)
. . . Cg.n = C’ES""”
Using the three-points after matching ,

(0) (.4 , R o 40 — Can 1.\ 0
AW (p7, a|pr, ok, +) = 5 Ml Z n! (k- a,) + O(R°),

(Cachazo, Guevara, ’17]
Te=>0

Guevara, '17]

‘Guevara, Ochirov, Vines '18]

and the Holomorphic Classical Limit

‘Guevara, Ochirov, Vines '19]

17



Four-point coherent amplitudes (general case) notation

1
b= St
“a ma< e
CQ-n — 04827‘1

Using the three-points after matching

CQ-n-|—1 = CBSQ""H

- —~ Can /| + n
AW (9!, alpr, ok, £) = —gmzxﬂz —(tk-a,) + O(RY),

(Cachazo, Guevara, ’17]
‘ n!

n=0 Guevara, '17]

‘Guevara, Ochirov, Vines '18]

and the Holomorphic Classical Limit

‘Guevara, Ochirov, Vines '19]

) _
SﬂGmamb'Y > Z T U)Q Z Canlcbnz( ik - [w * aa])n'] (::ik - w Cllo])n2 + O(h_5/2)°

7 17!
hs k2 nymgeq LTh20 l l
Multipole expansion of particle 1 and particle 2
2pipy! . .
wh = 2B modeled by Wilson coefficients!
MaMpYU
[w * aly = (xw),0” = F);’;:p:i;t;) , Ca.n1 Cbn2

18



Pipeline to Classical Observables with Spin

19



Kosower Maybee O’Connell (KMOC) formalism

[Kosower, Maybee, O’'Connell '18]
[Maybee, O’Connell, Vines "19]
Changing in an operator due to scattering [de la Cruz, Maybee, O'Connell '20]

AO = (out|Olout) — (in|O|in) = (in|STOS|in) — (in|O|in)

Using S =141 and optical theorem

AO = (in|STOS|in) — (in|O|in) = (in|[OT — T"O]|in) + (in|T"OT |in),
A10 A0

leading order next-to-leading order

We need to prepare well-detined the initial state states.

20



Kosower Maybee O’Connell (KMOC) formalism

Incoming (spinless) state: \in) =/ ¢a(p1)¢b(p2)€ib°pl/h|p1;p2>
P1 Y P2

[Kosower, Maybee, O’'Connell '18]

definite momenta state

Incoming (spinning) state:  [in) = Z/ / Ya(P1) b (p2)€ar Ear€’® P " |1, p2; a1, a2)

, NP P1 Y D2
[Maybee,O’Connell, Vines '19] a1,a2 Quantum

spin-indices

21



Kosower Maybee O’Connell (KMOC) formalism

Incoming (spinless) state: \in) =/ ¢a(p1)¢b(p2)€ib°pl/h|p1;P2>
P1 Y P2

[Kosower, Maybee, O’'Connell '18]

definite momenta state

Incoming (spinning) state:  [in) = Z/ / Ya(P1) b (p2)€ar Ear€’® P " |1, p2; a1, a2)

, NP P1 Y D2
[Maybee,O’Connell, Vines '19] a1,a2 Quantum

spin-indices

Incoming (coherent) state:
[RA, Ochirov '21]

\in) — / | wa(pl)wb(pz)eib'pl/hlpl,Oz;pz,5)

21



Kosower Maybee O’Connell (KMOC) formalism

Incoming (spinless) state: \in) =/ ¢a(P1)¢b(p2)€ib°pl/h‘p13P2>
P1 v P2

[Kosower, Maybee, O’'Connell '18]

definite momenta state

Incoming (spinning) state:  [in) = Z/ / Ya(P1) b (p2)€ar Ear€’® P " |1, p2; a1, a2)

, NP P1 Y D2
[Maybee,O’Connell, Vines '19] a1,a2 Quantum

spin-indices

Incoming (coherent) state:
[RA, Ochirov '21]

|in) — / | wa(pl)wb(pz)eib'pl/hh?l,04;172,5)

(aa)®281 (/Bb)G)Qsz

) |p17 S1, {a’};pfb S2, {b}>

_ —(lall2+181)/2 / 1) (0 Vo (.
c e 2 (P1)¥n(P2)
812 P1:b2 V/(251)!(2s2)!

normalization definite spin-state

21



P# 4+ APF

KMOC using coherent states

After the Fourier transtorm to the impact parameter space...

a |
Asz — hab / W)a(pa)‘2|wb(pb)|2“4510)(b)
K/ Do . Dh

w * (ay+ ap)
-w ¥ (A, + ap)

N O
L]

U 1 lcl

AP = Gmambl Z(l T v)?;

Matches Vines 17

o p . . . p
*cl. means initial momenta Pap localized on their classical values abUy, y, 22



After the Fourier transtorm to the impact parameter space...

KMOC using coherent states

o, 0
Asz = —h / W)m(p%)‘ |'§bb(pb)|2~A< )( )

ob,

asPh

P# 4+ APF

APl = Grmamy, Z T )’

w * (agy+ ap)

N O
L]

(%

- w ¥ (a,+ ap)

cl

Matches Vines 17

From the eikonal amplitude A" (b) one can also obtain (for general bodies)

h

Angular impulse  AS* = — [9a (Pa)|* [0 (p1) |7

AV Py.Ph

0 oo o | .o
ppa ep P pavaap% Sl )(b)

a aabu

L p . . . p
*cl. means initial momenta Pa.b localized on their classical values Ma,bU, i,

22



Hamiltonian at 1PM

3 3k _ B
Potential V(l)(r,p, S., Sp) = 4EhE /(gﬁ)gemr“‘l(o)(km, Sa, Sb),
adlsb

For generic objects:

In a different gauge than [Chung, Huang, Kim, Lee, "19] ”



]

Heavy Classical
scattering at 2PM

*

w/ Kays Haddad and Andreas Helset



Conservative tree level four-points

T K +2 Tk .
We canuse M_ . =——z7%e™"% {0 obtain

But we want to improve to 2PM, I.e.

See also [Bern, Kosmopoulos, Luna, Roiban, Teng, '22]
[Chen, Chung, Huang, Kim, '21]

which requires the
Compton Amplitude

24



2PM Amplitudes

Using unitarity, we construct the relevant 1-loop diagrams

4
4
4

) 2
) 2
) 2

+ other triangle

25



2PM Amplitudes

Using unitarity, we construct the relevant 1-loop diagrams

I ek-a

Compton for high-spins ?

+ other triangle

25



[Aoude, Haddad, Helset, 22’]

Classical Compton scattering

S S o— o y4 <31>[42]_ <32>[41] 2
M(-1%,2%,37,47) = s34t13t14 ( Y ) '

T variables and cl. limit vy 4|p1|3) wt = [4|a#|3) /2

t14a — t ]
o AOexp{ G — g3 - (14y 13),, -a},

Scalar Compton: Matches GR calculations up to O(S*)  [Saketh, Vines '22, Bautista’s thesis '22]

4 , _ _ See also [Bautista, Guevara, Kavanagh
a0 Y Spurious pole for s>2 in Gravity and Vines *21, Bautista’s thesis '22]
GR ™

s3al1314 We need to remedy for higher orders.

See Bautista’s and Kavanagh Talk! 26



[Aoude, Haddad, Helset, 22’]

Classical Compton scattering

S S o— o y4 <31>[42]_ <32>[41] %
M(-1%,2%,37,47) = s34t13t14 ( Y ) '

=T variables and cl. limit ¥y = [4|p1]3)  w* = [4|5#|3)/2

tig —t ]

O remove the spurious pole:

1. recursive approach 2. adding four-point contact terms
(when there is a massless pole) (that respects the black-hole
[Chung, Huang, Kim Lee 19°] [Falkowski, Machado 20’] Spir_StrUCture assump':iOﬂ/Shift Symmetry)

See also [Bern, Kosmopoulos, Luna, Roiban, Teng, 22]



Classical Gravity Compton to all orders in spin

For gravity

28 4

Mg = elsa)a§ g, K,=—"Y

' T p—
o v $34113%14

(

t14 — t13

Y

n
wea)

27



Classical Gravity Compton to all orders in spin

For gravity

28 4 n
M = elam)a 3 L, K,=—> (t”_t”’w-a) W

' n —
— M 834113014 Y

To remove the spurious pole, we need to use a recursive approach

(t14 — t13)" 4
yn—4

K, = 16m? (w : Cl)n + 261 K,,_1 — 59K,,_9.
Based on the relation:  (tia — t13)*(w - a)* = —4m?s34(w - a)* + 2y(t14 — t13)51(w - @) — y?s2,

From the Gram determinant of: ¢4, d&, pY, o, w*

27



Classical Gravity Compton to all orders in spin

For gravity

' —
n—0 v S34t13t14

28 4 n

Y

To remove the spurious pole, we need to use a recursive approach

28
M? = e ! ! —K, K, = K, ns 4
cl 0 n! e K4Ln—4 — K352Ln—5) n > 47
1=
/2 | . 51=(g3 —qa) - @
Ly = (2 , 1)571n “ (5% — 59’ 52 = —4(q3 - a)(qa - @) + s340°
=0 \FI T

olus contact terms!

27



Black hole spin structure assumption ‘Aouds, Haddag, Helset 22"

B3ased on a structure that appears up to fourth order in spin...

(¢-ai)(q-aj) and ¢*(a; - aj)

Only appears in the following combination:

(q-ai)(q-a;) — ¢*(a; - a;), i,j = 1,2,

This is broken by tidal eftects

Shift Sym metry [Bern, Kosmopoulos, Luna, Roiban, Teng, 22’]

28



2PM Spinning-spinless to all orders

This actually resums into hypergeometric functions (just Bessel functions)
= Ewaﬁvmvm%aw
Q = (ga1)’—q*ai

2G4 °m?m3 o
Mopm = —q; - (MSPm + iwE L MSBYy) -
" = A2(116.0+ )2
For the odd powers.... V=q(varm)
W = V1 * V9
. —  (2w? —1) (=1)*8I'k + 1] .
My = —ma |4F +Z (w2 —1)k1  T[2k+1 FiV*
2k ALk FLVE ' 1 1 5 1 1
— Mo f1/2+z —1k+1(1)k(2k‘—1) X 2F1(—§—k k——k;)—(k 5) 2F1(§—]€ k—_kﬁ)__
where
similar for even powers
29

(contact terms contributes)




':Q/ Thank you for your attention

!

B UCLouvain




Porto, Rothstein, 06°]

Worldline effective action vs. three-point Porto, Rothstein, 08

Levi, Steinhoff, 15’ |

Expanding the curvature tensor Ry .., in terms of linear grav. pertubation h,, = g, — N

N the effective action

m ~— (_l)n N2n, i, L . (_l)n omt1 (€1 - 2n , B VpoT - 7,2
Slnt — _5 dT _; (QTL)' CVES“M (a y 8) ufu h/w T ; (QTL n 1)'038 (e (CL a) u-c upa'aa”'h’l-“/— a;:r(q-)—l_ O(h )
Kerr BH corresponds:  Cggen = —Cigent:t = 1
This WL Interaction gives:
A:: (p k) __ —fi(p . 5::)2 -i OES2”' (’2 . a)2n L i OBS2n+1 (E _ a)2n-+l-
gen © = (2n)! = (2n+1) |’

For Kerr: A% (p, k) = —gm% 2etha



HPET variables and some notation

p* = mot + kH

HPET

(

pl)

I
Dy

SPINOrS:

)= (2

Velocity spinors

py) = /mulv'),

)

‘p'vI] — \/m_k|vf]

Using aux. variables

v) = [v)zp,1,

‘v] = ‘UI]ZpaI°

Pauli-Lubanski with velocity

QH — —%e“”aﬁv,,Jag

In SL(2,C)

(5"),F =

Ring-radius

1 ¢ . T
4 (Uu)ad”aﬂ_vad(aﬂ)aﬁ




From Compton groupings to 2PM

Why the groupings

s1=1(g3—q4)-a and sy = —4(g3-a)(qs-a)+ s34a

1 o

oop momenta in the classical limit % (¢) = — —¢* + tr] + —r}.

2

59 =

o
51=(QS—Q4)"1—>(21+Q)'az‘=2(t7‘1+?7'2) * O

—4(g3 - a)(qa - @) + s340” = 57 — (g - a;)* + ¢*(a;)”.

o have t' in the Laurent series: a(ry-ty)(re-ta) for 1,2 = p1,a1,as

All these structures will respect the

BH-SSA.

2 generate BH-SSA at 2PM?

52



QED at higher-spins
Spurious QED

28 — n
[ 1 t t

nl™ " - tigtig yn Tl
n=>0

(g4a—q3)-a

S -
c.QED — €

Using tis = —tis + O(h*) we can just remove the n>2 terms

t14 — 1 n—2
[y — 4 (tia — ta3)

> o= (w-a)" + O(h).

that contribute only to the unphysical pole

53



QED at higher-spins
Spurious QED

51 - 1 (t14 — t13)"

S _ ,(qa—q3)-a with I, =
cLQED = © n'I VT tiztyy yn?

n=0

What type of contact terms can we add?

L G+ hbar scaling “—a’,  y(w-a)
m

To higher-spins, 0 a - o
| | . - )
we can dress with the monomials: 5T ’ 340,

Should we add all of the possible combinations?

54



Contact terms

Spurious-pole free + contact
28

Contact terms that respects BHSSA/shift symmetry.

2s—4 [(25—4—n)/2]

C=), D,  dnsi(si —s2)
n=0 7=0

Contributes to the spin-even amplitude.

55



