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Based on

• Classical observables from coherent-spin amplitudes
RA and Alexander Ochirov [hep-th/2108.01649]

Mainly on… 

But also…

• Searching for Kerr at 2PM
RA, Kays Haddad and Andreas Helset [hep-th/2203.06197]

• Classical gravitational spinning-spinless scattering at
RA, Kays Haddad and Andreas Helset [hep-th/2205.02809]

O(G2S1)
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Pictorically…
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Pictorically…

~ ! 0Classical limit:

~ ! 0

The KMOC formalism: 

- quantum expectation values


   - chosen initial quantum states 

   - classical observables when

Pµ
a +�Pµ

a

Pµ
a +�Pµ

a

b



3

Pictorically…

Scattering of two coherent-spin

states mediated by a graviton

~ ! 0Classical limit:

Factorizes into two 3pts.
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Pictorically…

~ ! 0Classical limit:Classical limit:

{b}

{a}

Coherent-spin amplitudes as a linear combination of definite-spin amplitudes
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Pipeline to Classical Observables with Spin

Definite-spin

Three-points

Spin-coherent

Three-points

Spin-coherent

Four-points

Observables

+ higher PM orders

{b}

{a}
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{b}

{a}
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Definite-spin

Three-points
On-shell amplitudes

Pipeline to Classical Observables with Spin
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Definite-spin scattering amplitudes

Using the particles’ little group: minimal coupling with a graviton

{b}

{a}

Best behavior in the high-energy limit

Contract all definite-spin LG indices 

[Arkani-Hamed, Huang, Huang '17]

*Similar for negative helicities

{a} = {a1, a2, ..., a2s}

Spin-s: 2s indices

�2s symmetrization

Non-minimal later!
Coherent-spin amps.

See also [Chiodaroli, Johansson, Pichini ’21] for aux. vars.
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{b}

{a}

)) )

{b}

{a}

Coherent-spin states 
and amplitudes

Pipeline to Classical Observables with Spin
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• KMOC formalism with the aid of coherent states 

Rigorous framework for quantum-classical transitions

Why coherent-states?

Schwinger’s construction 

for spin-coherent states

Massive little-group of 

definite-momenta amplitudes

SU(2)

[Arkani-Hamed, Huang, Huang '17][Schwinger '52]

• Identify the classical spin

• contract with the little-group indices

See also [Bern, Luna, Roiban, Shen, Zeng '20] for spin-coherent states

Using coherent-spin states:

See also [Cristofoli, Gonzo, Kosower, O’Connell ’21] for massless coherent states



Textbook coherent states
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Quantum Harmonic Oscillator
H = ~!(a†a+ 1/2) En = ~!(n+ 1/2)

classical limit0 1

Uncertainties: �nx =

r
~
m!

(n+ 1/2) �np =
p

m!~(n+ 1/2) Finite errors in the 
classical limit :(
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Quantum Harmonic Oscillator
H = ~!(a†a+ 1/2) En = ~!(n+ 1/2)

classical limit0 1

Uncertainties: �nx =

r
~
m!

(n+ 1/2) �np =
p

m!~(n+ 1/2)
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r
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Uncertainties:

Textbook coherent states

Vanishing errors in the 
classical limit :)

Finite errors in the 
classical limit :(



Textbook coherent states

8

Quantum Harmonic Oscillator
H = ~!(a†a+ 1/2) En = ~!(n+ 1/2)

classical limit0 1

Uncertainties: �nx =

r
~
m!

(n+ 1/2) �np =
p

m!~(n+ 1/2)

Coherent states: â|↵i = ↵|↵i |↵i = e�|↵|2/2 e↵â
†
e�↵⇤â|0i

�↵x =

r
~

2m!
�↵p =

r
m!~
2

Saturates the uncertainty principle

Expectation values evolve classically

Finite errors in the 
classical limit :(

For the energy to be finite ||↵||2 ! 1
in the classical limit

Uncertainties:

E↵ = ~!( ||↵||2 + 1/2)

Vanishing errors in the 
classical limit :)
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Spin-states

Schwinger’s construction: general spin from zero-spin with 2 creation ops.
along the z-axis

Covariantize it:

SU(2)-covariant s-spin states

[Schwinger, 1952]
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Coherent Spin-states

Coherent-spin states defined as

In terms of definite spin:

We want the coherent state in terms of definite spin…
because we know the general definite-spin amplitudes

See also [Chiodaroli, Johansson, Pichini ’21] for aux. variables.

See Paolo’s Talk!
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Coherent Spin-states

Coherent-spin states defined as

In terms of definite spin:



10

Coherent Spin-states

Coherent-spin states defined as

In terms of definite spin:

Taking the classical limit (KMOC + coherent) See also [Cristofoli, Gonzo, Moynihan, O’Connell, Ross, Sergola, White '21]

Lorentz-covariant SU(2) spin operator
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Dressing the Minimal coupling 

Minimal 3-point
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Dressing the Minimal coupling 

It exponentiates!

Minimal 3-point
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Boost to the same momenta

The exponent

spin generator

pa = (p1 + p2)/2 = p1 + k/2 = p2 � k/2

On-shell kinematics

spinless term

(Similar for 2)

Boost for spinors

This can be greatly simplified using heavy-variables (HPET)
[RA, Haddad, Helset, ’20]
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Boost to the same momenta

The exponent

spin generator

overlap between coherent states

pa = (p1 + p2)/2 = p1 + k/2 = p2 � k/2

On-shell kinematics

spinless term

(Similar for 2)

Boost for spinors
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Classical limit and classical three-points

Factored out the standard coherent-state overlap:

In the classical limit, we take:

and we can identify the spin expectation value

Can use directly to built four-points.

Matches the Kerr BH ‘amplitude’

Matches 1PM results

Exact cancellation between the

spinless term and the normalization

notation: kµ = ~k̄µ

See also [Guevara, Ochirov, Vines, '19]



General (Definite-spin)  
three-point amplitude 
and 
Kerr BHs

{b}

{a}
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Matching to the wordline
[Porto, Rothstein, '06]

[Porto, Rothstein, '08]

[Levi, Steinhoff, '15 ]

From the worldline, we can obtain the following classical amplitude

Matching with the general amplitude



15

Matching to the wordline

The Wilson coefficients

Classically suppressed unless g±n>0 O(~�n)scales with
In order to model general spinning body, non-minimal couplings 

depends on the spin via

(Expect for a Kerr BH)

(Same for the magnetic) 

Unequal spin amplitudes are also suppressed by the normalization.

“Superclassical" rescaling:
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{b}

{a}

)) )

Pipeline to Classical Observables with Spin
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Four-point coherent amplitudes (general case)

Using the three-points after matching

notation

[Cachazo, Guevara, ’17]

[Guevara, '17]

[Guevara, Ochirov, Vines '18]

[Guevara, Ochirov, Vines '19]and the Holomorphic Classical Limit
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Four-point coherent amplitudes (general case)

Using the three-points after matching

notation

and the Holomorphic Classical Limit

Multipole expansion of particle 1 and particle 2
modeled by Wilson coefficients!

[Cachazo, Guevara, ’17]

[Guevara, '17]

[Guevara, Ochirov, Vines '18]

[Guevara, Ochirov, Vines '19]
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{b}

{a}

)) )

Pipeline to Classical Observables with Spin
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Kosower Maybee O’Connell (KMOC) formalism

Changing in an operator due to scattering

�O = hout|O|outi � hin|O|ini = hin|S†
OS|ini � hin|O|ini

S = 1 + i TUsing and optical theorem

leading order next-to-leading order

We need to prepare well-defined the initial state states.

[Kosower, Maybee, O’Connell '18]

[Maybee, O’Connell, Vines ’19]

[de la Cruz, Maybee, O’Connell '20]
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Kosower Maybee O’Connell (KMOC) formalism

|ini =
X

a1,a2

Z

p1

Z

p2

 a(p1) b(p2)⇠a1⇠a2e
ib·p1/~|p1, p2; a1, a2i

Quantum 

spin-indices

Incoming (spinning) state:

Incoming (spinless) state:

definite momenta state
[Kosower, Maybee, O’Connell '18]

[Maybee,O’Connell, Vines '19]
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Kosower Maybee O’Connell (KMOC) formalism

|ini =
X

a1,a2

Z

p1

Z

p2

 a(p1) b(p2)⇠a1⇠a2e
ib·p1/~|p1, p2; a1, a2i

Quantum 

spin-indices

Incoming (spinning) state:

Incoming (spinless) state:

definite momenta state

Incoming (coherent) state:

[Kosower, Maybee, O’Connell '18]

[Maybee,O’Connell, Vines '19]

[RA, Ochirov '21]
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Kosower Maybee O’Connell (KMOC) formalism

|ini =
X

a1,a2

Z

p1

Z

p2

 a(p1) b(p2)⇠a1⇠a2e
ib·p1/~|p1, p2; a1, a2i

Quantum 

spin-indices

Incoming (spinning) state:

Incoming (spinless) state:

definite momenta state

Incoming (coherent) state:

definite spin-statenormalization

[Kosower, Maybee, O’Connell '18]

[Maybee,O’Connell, Vines '19]

[RA, Ochirov '21]



22*cl. means initial momenta           localized on their classical values pµa,b ma,bu
µ
a,b

Matches Vines 17’

After the Fourier transform to the impact parameter space…

Pµ
a +�Pµ

a

Pµ
a +�Pµ

a

KMOC using coherent states



22*cl. means initial momenta           localized on their classical values pµa,b ma,bu
µ
a,b

Matches Vines 17’

After the Fourier transform to the impact parameter space…

From the eikonal amplitude one can also  obtain (for general bodies)

Angular impulse

Pµ
a +�Pµ

a

Pµ
a +�Pµ

a

KMOC using coherent states
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Hamiltonian at 1PM

While for Kerr:

For generic objects:

In a different gauge than [Chung, Huang, Kim, Lee, '19]

Potential



Heavy Classical 

scattering at 2PM

w/ Kays Haddad and Andreas Helset
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Conservative tree level four-points

<latexit sha1_base64="1YSNenRtegtr/5YHOSnUR+GII/s="></latexit>

M±
min = �

2
x±2e⌥k·aWe can use to obtain

q

But we want to improve to 2PM, i.e. which requires the 

Compton Amplitude

See also [Bern, Kosmopoulos, Luna, Roiban, Teng, ’22]

[Chen, Chung, Huang, Kim, '21]
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2PM Amplitudes

Using unitarity, we construct the relevant 1-loop diagrams

=

+ other triangle
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2PM Amplitudes

Using unitarity, we construct the relevant 1-loop diagrams

= Compton for high-spins ?

<latexit sha1_base64="V8FmTcUjWfZ7J0K2Izfk80itJ+s=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSKuiy6cVnBPqCJ5WYyaYdOHsxMhBKycuOvuHGhiFu/wZ1/46TNQlsPXDiccy/33uMlnEllWd/G0vLK6tp6ZaO6ubW9s2vu7XdknApC2yTmseh5IClnEW0rpjjtJYJC6HHa9cbXhd99oEKyOLpTk4S6IQwjFjACSksD84jeZ44HIhvnDvFjhZ0Q1CgQMM4gzwdmzapbU+BFYpekhkq0BuaX48ckDWmkCAcp+7aVKDcDoRjhNK86qaQJkDEMaV/TCEIq3Wz6Ro5PtOLjIBa6IoWn6u+JDEIpJ6GnO4sj5bxXiP95/VQFl27GoiRVNCKzRUHKsYpxkQn2maBE8YkmQATTt2IyAgFE6eSqOgR7/uVF0jmr2+f1xm2j1rwq46igQ3SMTpGNLlAT3aAWaiOCHtEzekVvxpPxYrwbH7PWJaOcOUB/YHz+AFDAma4=</latexit>

ek̄·a

<latexit sha1_base64="6O8BvY4RSvASCTlyJUoCIsDFHjc=">AAACB3icbVDLSsNAFJ3UV62vqktBBovgxpJIUZdFNy4r2Ac0sdxMJu2QyYOZiVBCdm78FTcuFHHrL7jzb5y2WWjrgQuHc+7l3nvchDOpTPPbKC0tr6yuldcrG5tb2zvV3b2OjFNBaJvEPBY9FyTlLKJtxRSnvURQCF1Ou25wPfG7D1RIFkd3apxQJ4RhxHxGQGlpUD2k99mp7YLIgtwmXqywHYIa+QKCDPJ8UK2ZdXMKvEisgtRQgdag+mV7MUlDGinCQcq+ZSbKyUAoRjjNK3YqaQIkgCHtaxpBSKWTTf/I8bFWPOzHQlek8FT9PZFBKOU4dHXn5Eg5703E/7x+qvxLJ2NRkioakdkiP+VYxXgSCvaYoETxsSZABNO3YjICAUTp6Co6BGv+5UXSOatb5/XGbaPWvCriKKMDdIROkIUuUBPdoBZqI4Ie0TN6RW/Gk/FivBsfs9aSUczsoz8wPn8Av/+Z5Q==</latexit>

e�k̄·a

+ other triangle



Matches GR calculations up to 
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[Aoude, Haddad, Helset, 22’]

After some rewriting in HPET variables and cl. limit
<latexit sha1_base64="sHlBn3nzuTgUhUT0HUHU6PWCiko=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hyiOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALETjOA=</latexit>

S

s s

h3 h4

Classical Compton scattering

We need to remedy for higher orders.
Spurious pole for s>2 in Gravity

[Saketh, Vines '22, Bautista’s thesis '22]

See Bautista’s and Kavanagh Talk!

<latexit sha1_base64="f+p62dY9jUuPJwzdADm6UHOjIko="></latexit>

A0
GR =

y4

s34t13t14

Scalar Compton:
<latexit sha1_base64="lPLVhD9C5Puvbby8+ch9VjxkVvs=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS1GXRjTsr2ge0sUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zba2srq1vbBa2its7u3v79sFhU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6CbzW2MqFYvEo57E1AvxQLCAEayN1LPtboj1kGCe3k3LD0/Vs55dcirODGiZuDkpQY56z/7q9iOShFRowrFSHdeJtZdiqRnhdFrsJorGmIzwgHYMFTikyktnyafo1Ch9FETSPKHRTP29keJQqUnom8ksp1r0MvE/r5Po4MpLmYgTTQWZHwoSjnSEshpQn0lKNJ8YgolkJisiQywx0aasoinBXfzyMmmeV9yLSvW+Wqpd53UU4BhOoAwuXEINbqEODSAwhmd4hTcrtV6sd+tjPrpi5TtH8AfW5w+oQZMH</latexit>

O(S4)
See also [Bautista, Guevara, Kavanagh 
and Vines ’21, Bautista’s thesis '22]
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Classical Compton scattering [Aoude, Haddad, Helset, 22’]

1. recursive approach

(when there is a massless pole)

2. adding four-point contact terms 

(that respects the black-hole 

spin-structure assumption/shift symmetry) [Chung, Huang, Kim Lee 19’] [Falkowski, Machado 20’]

<latexit sha1_base64="sHlBn3nzuTgUhUT0HUHU6PWCiko=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hyiOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALETjOA=</latexit>

S

s s

h3 h4

To remove the spurious pole:

See also [Bern, Kosmopoulos, Luna, Roiban, Teng, ’22]

After some rewriting in HPET variables and cl. limit



Classical Gravity Compton to all orders in spin

For gravity

27



Classical Gravity Compton to all orders in spin

For gravity

27

Based on the relation:

<latexit sha1_base64="ycmN+dzKk5Fz1wy5xxMhRjGiv1k=">AAACM3icbVDLSgMxFM34rPU16tJNsAgupMxoUZdFN+Kqgn1Apw530kwbmnk0yShl6D+58UdcCOJCEbf+g5m2i9p6IHDOufeSe48XcyaVZb0ZC4tLyyurubX8+sbm1ra5s1uTUSIIrZKIR6LhgaSchbSqmOK0EQsKgcdp3etdZfX6AxWSReGdGsS0FUAnZD4joLTlmjd9t3TvBMkxdvoJtHHfPZ2WsWtPSycA1fUF9FIYTvuPmXDNglW0RsDzxJ6QApqg4povTjsiSUBDRThI2bStWLVSEIoRTod5J5E0BtKDDm1qGkJAZSsd3TzEh9ppYz8S+oUKj9zpiRQCKQeBpzuzpeVsLTP/qzUT5V+0UhbGiaIhGX/kJxyrCGcB4jYTlCg+0ASIYHpXTLoggCgdc16HYM+ePE9qJ0X7rFi6LRXKl5M4cmgfHaAjZKNzVEbXqIKqiKAn9Io+0KfxbLwbX8b3uHXBmMzsoT8wfn4B6Aap8Q==</latexit>

qµ4 , qµ3 , pµ1 , aµ, wµFrom the Gram determinant of:

To remove the spurious pole, we need to use a recursive approach



For gravity

27

To remove the spurious pole, we need to use a recursive approach

plus contact terms!

Classical Gravity Compton to all orders in spin



Black hole spin structure assumption [Aoude, Haddad, Helset 22’]

Shift symmetry [Bern, Kosmopoulos, Luna, Roiban, Teng, 22’]

and

Only appears in the following combination:

This is broken by tidal effects

Based on a structure that appears up to fourth order in spin…

28



2PM Spinning-spinless to all orders

29

For the odd powers….

This actually resums into hypergeometric functions (just Bessel functions) 

where 

similar for even powers

(contact terms contributes)

<latexit sha1_base64="0pnODD5naR8jl++R/gYQU1Yr53Q="></latexit>

E1 ⌘ "µ⌫↵�v1µv2⌫q↵a1�

<latexit sha1_base64="scsntJt+Whk2F4RCIfu4rKRgyHM=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAIrspMKeqy6MZlBXuBTimZzJk2NJOMSaZQSsGNr+LGhSJufQl3vo3pZaGtPwQ+/nMOJ+cPU8608bxvZ2V1bX1jM7eV397Z3dt3Dw7rWmaKQo1KLlUzJBo4E1AzzHBopgpIEnJohP2bSb0xAKWZFPdmmEI7IV3BYkaJsVbHPQ5kAl2CA3jI2AAPOn5AI2kslDpuwSt6U+Fl8OdQQHNVO+5XEEmaJSAM5UTrlu+lpj0iyjDKYZwPMg0poX3ShZZFQRLQ7dH0hjE+s06EY6nsEwZP3d8TI5JoPUxC25kQ09OLtYn5X62VmfiqPWIizQwIOlsUZxwbiSeB4IgpoIYPLRCqmP0rpj2iCDU2trwNwV88eRnqpaJ/USzflQuV63kcOXSCTtE58tElqqBbVEU1RNEjekav6M15cl6cd+dj1rrizGeO0B85nz/1H5cW</latexit>! ⌘ v1 · v2



Thank you for your attention



Worldline effective action vs. three-point

Expanding the curvature tensor              in terms of linear grav. pertubation
in the effective action

Kerr BH corresponds:

[Porto, Rothstein, 06’]

[Porto, Rothstein, 08’]

[Levi, Steinhoff, 15’ ]

R�µ⌫⇢

This WL interaction gives:

For Kerr:



HPET variables and some notation

HPET spinors:

Velocity spinors

Using aux. variables

Pauli-Lubanski with velocity

In SL(2,C)

Ring-radius
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From Compton groupings to 2PM

Why the groupings and generate BH-SSA at 2PM?

Loop momenta in the classical limit

t0 t1, t2 = p1, a1, a2

All these structures will respect the BH-SSA.

for To have      in the Laurent series:



QED at higher-spins
Spurious QED

53

we can just remove the n>2 terms

that contribute only to the unphysical pole

Using 

with



QED at higher-spins
Spurious QED

To higher-spins, 

we can dress with the monomials:

Should we add all of the possible combinations?

with

54

What type of contact terms can we add?

LG+ hbar scaling



Contact terms

55

Contact terms that respects BHSSA/shift symmetry.

Spurious-pole free + contact

Contributes to the spin-even amplitude.


