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Background and Motivation

@ Ongoing search for theories obeying the CK duality [review: 1900.01358]
@ Typically conformal [cheung, Mangan, Shen], SUPEIrSYMMELIiC [ Chiodaroli, Jin, Roiban]

o DOU b|e—COpy ta ble [Chi, Elvang, Herderscheea, Jonesa, Paranjape]

| NLSM; YMy  BASe

NLSM, | sGAL_, Bly NLSM,
Y My Bly GR, YM,
BASs | NLSMy YM; BASe

Dy +Dgr—6=Dg,.
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Background and Motivation

Ongoing search for theories obeying the CK duality [review: 1900.01358]

Typically conformal [cheung, Mangan, Shen], SUPErSYMMELFIC [ Chiodaroli, Jin, Roiban]

DOU b|e—COpy ta ble [Chi, Elvang, Herderscheea, Jonesa, Paranjape]

| NLSM; YMy  BASe
NLSMy | sGAL_o Bly NLSM,
Y My Bl GRy Y My
BASg NLSMs Y My BASg
Dp+Dr—6=Dg_.
Can we double-copy 3d CS theory?
3-Lie algebra in ' = 6 ABJM and N = 8 BLG studied before

[Bargheer, He, McLoughlin; Johansson, Huang].

@ Off-shell color-kinematics is still an open problem.
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Color-Kinematics duality

Relationship between scattering amplitude building blocks: [gem, carassco,

i Ciny; ¢ o fabxfxCd Xn (A)
A= D; /<\  (patm)?

Johansson]

i€y
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Color-Kinematics duality

Relationship between scattering amplitude building blocks: [gem, carassco,

i Cimy; ¥ _ fabxfm:d xn (A)
A= 2 D; /<\  (Pat )

i€y e b v

Johansson]

Ci-i-Cj—l-Ck:O & ni+nj+nk:O,

() (A)(&)-

a b ¢ c a b

(&) () ()

Double copy: ~
. n;n;
My =" D
icly,
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BCJ relations and double-copy
On-shell picture, for adjoint particles:

An =Y Al 0g,...,00)Te(T" T2 .. . T%n)
From DDM basis of (n — 2)! to (n — 3)! using BCJ relations:

Example (s;; = (p; +Pj)2)3

823A(1234) = 813A(1243) .
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BCJ relations and double-copy
On-shell picture, for adjoint particles:

An =Y Al 0g,...,00)Te(T" T2 .. . T%n)
(o

From DDM basis of (n — 2)! to (n — 3)! using BCJ relations:

Example (s;; = (p; +pj)2):
823A(1234) = 813A(1243) .

KLT dOub|e COpy [Kawai, Lewellen, Tye]

M, = ZA(LO‘,TL —1,n)S[o|plA(1, p,n,n —1) .

a,p

four-point example:

My = s12A(1234) A(1243)
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Chern-Simons matter

Adjoint matter with all marginal couplings:
o Eﬂ# <AauaVAap _ g?)zfabcAauAbVAcp> + (D“&)G(Dugb)a

+ a(l)g4¢a¢§bd’)d¢c¢e($hfaba:f:vdyfycz fzeh
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Chern-Simons matter

Adjoint matter with all marginal couplings:
o Eﬂ# <AauaVAap _ g?)lfabcAauAbl/Acp> + (D“&)G(Dugb)a

+ a(l)g4¢a¢§bd’)d(bc¢eéhfaba:f:vdyfycz fzeh
+ i&a(mw)a + iQQQ;awb(z’)cgﬁd(a@)facxfxdb + (X(S)fadmfmcb> )

3D spinors: [p){(p| = —p*v., p*=0, Zo little group
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Chern-Simons matter

Adjoint matter with all marginal couplings:

o Eﬂ# <AauaVAap _ g?)lfabcAauAbl/Acp> + (DHQE)G(DMCZ))G
+ a(l)g4¢a¢§bd’)d¢c¢e(§hfabxf:vdyfyczfzeh
+ i&a(mw)a + iQQQ;awb(z’)cgﬁd(a@)facxfxdb + (X(S)fadmfmcb> )
3D spinors: [p){(p| = —p*v., p*=0, Zo little group

(42)(23)

_ _ (13)3 _
Ay(hrbahshs) = o Aa(brbarharhs) = 21)

(21)(14)

<+ soft pole!

Check BCJ relations, eg: so4A4(V1t02tharhs) = s14A44(Y1102tb3104)
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Chern-Simons matter

Adjoint matter with all marginal couplings:

o Eﬂ# <AauaVAap _ g?)lfabcAauAbl/Acp> + (DHQE)G(DMCZ))G
+ a(l)g4¢a¢§bd’)d¢c¢e(§hfabxf:vdyfyczfzeh
+ i&a(mw)a + iQQQ;awb(z’)cgﬁd(a@)facxfxdb + (X(S)fadmfmcb> )
3D spinors: [p){(p| = —p*v., p*=0, Zo little group

(42)(23)

_ _ (13)3 _
Ay(hrbahshs) = o Aa(brbarharhs) = 21)

(21)(14)

<+ soft pole!

Check BCJ reliations, eg: 8241_44_(1/111/7121;41/)3) = 814A4(¢11/7121/132;4)
Constrain o??%) from A4(112¢36) and oV from Ag.
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Chern-Simons matter

Adjoint matter with all marginal couplings:
o €uvp <Aa,uauAap o gifabcAa,uAbz/Acp> + (Dué)a(D,uqs)a
2

1) 4¢a¢b¢d¢c¢e¢hfabxfxdyfyCZfzeh
+ Mﬁa(ﬂ)?ﬁ) +ig ¢a¢ ¢c¢d( ”(Q)facxfacdb + a(B)fadmfaccb) ]

BCJ relations imply:
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Chern-Simons matter

Adjoint matter with all marginal couplings:
o €uvp <Aa,uauAap o gifabcAa,uAbz/Acp> + (Dué)a(D,ugb)a
2

1) 4¢a¢b¢d¢c¢e¢hfabxfxdyfyCZfzeh

+ ,Lwa(lpw) +ig ¢a¢ ¢c¢d( /(Q)facxfacdb + a(B)fada:faccb) ]

BCJ relations imply:
o ol =1
e Opposite statistics (!)
o N =4 SUSY (SO(4) R-symmetry, no additional flavour)
@ Same partial amplitudes as ' = 4 CS with bi-fundamental matter
(Gaiotto, witten], (N = 4 truncations of ABJM)
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Chern-Simons matter
Adjoint matter with all marginal couplings:
L = 6“% (Aaual/Aap _ ‘%ZfabcAa,uAbVAcp> 4 (D'u(g)a(Du(b)a
+ g4gbaq_bbquqscqbeq_shfaba:faxdyfycz fzeh
+ i¢a($w)a + ,L-g2wawb¢c¢d(faczfzdb + fadmfzcb> )
How to realize SO(4) R-symmetry? Define ¢, = (¢, ¢) ,vs = (1, 1)
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Chern-Simons matter
Adjoint matter with all marginal couplings:
o GM% (AauaI/Aap _ %ifabcAauAbuAcp> + (Du@a(D’%)a
+ g O BBl Gl pabe prdy pucs preh
i (D) + g2yt @eed( face fodb 4 fade pachy

How to realize SO(4) R-symmetry? Define ¢ = (¢, ¢) , ¥4 = (,4) then
SO(4)r as SU(2) x SU(2).
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Chern-Simons matter

Adjoint matter with all marginal couplings:
L = 6“% (Aaual/Aap _ ‘%ZfabcAa,uAbVAcp> 4 (D'u(g)a(Du(b)a
+ g4gbaq_bbquqscqbeq_shfaba:faxdyfycz fzeh
+ i¢a($w)a + ,L-g2wawb¢c¢d(faczfzdb + fadmfzcb> )

How to realize SO(4) R-symmetry? Define ¢ = (¢, ¢) , ¥4 = (,4) then
SO(4)r as SU(2) x SU(2).

5¢a = gadwd )

R T

oy = (DY) %+ -
Supersymmetric amplitudes with on-shell supercharges Q%:
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Double Copy

What is the double copy of this N' = 4 CS theory?
My = s519A(1234)A(1243) = %(Q)  (no pole!)

Match DBI with maximal SUSY in 3D.

Maor Ben-Shahar CS meets DBI December 12 2022 9/21



Double Copy

What is the double copy of this N' = 4 CS theory?
My = s519A(1234)A(1243) = %(Q)  (no pole!)

Match DBI with maximal SUSY in 3D.

Correct statistics after double copy!

@+ +ce)@(@+9Y+cee) = @i+

R-symmetry: SO(4) x SO(4) — SO(8).
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Off-shell Color-Kinematics duality
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Off-shell Color-Kinematics duality

Can CK duality hold off-shell?
Is there a kinematic algebra responsible for the kinematic identities?

C¢+Cj+ck:0 & n¢+nj+nk:0,

a b ¢

a b c
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Kinematic algebra in Chern-Simons theory

Feynman rules of pure CS in Lorenz 0, A" = 0 gauge:

o

ehpv
= EHVP e v = B}
p

v P
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Kinematic algebra in Chern-Simons theory

Feynman rules of pure CS in Lorenz 0, A" = 0 gauge:

o

ehpv
= EHVP e v = B}
p

v P

—_ vpi2 p
n @ﬁ@ = €A, A€ P12F

Maor Ben-Shahar CS meets DBI December 12 2022 11/21



Kinematic algebra in Chern-Simons theory

Feynman rules of pure CS in Lorenz 0, A" = 0 gauge:

o

ehpv
= EHVP e v = B}
p

v P

n @i@ = €4, 4y € P12 (transverse to pi2 = p1 + p2)
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Kinematic algebra in Chern-Simons theory

Feynman rules of pure CS in Lorenz 0, A" = 0 gauge:

o

ehpv
= EHVP e v = B}
p

v P

n @i@ = €4, 4y € P12 (transverse to pi2 = p1 + p2)
@
n _ €A1A2060p12 V€1/A3A4
ORORO
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Kinematic algebra in Chern-Simons theory

Feynman rules of pure CS in Lorenz 0, A" = 0 gauge:

I

E,LLpV
:eul/p iz v = 5
p

v p

n @ﬁ@ = eq, appe P12 N (transverse to p12 = p1 + p2)
®
A1A Az A :
SN = €M%, €730 1 4 cyelic(1,2,3) =0
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Kinematic algebra in Chern-Simons theory

Feynman rules in Lorenz 9, A" = 0 gauge:

n

ehpv
= E'U'Vp j2 vV = 2
p

v P

n @i@ —[A;, -8, Ay 8]
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Kinematic algebra in Chern-Simons theory

Feynman rules in Lorenz 9, A" = 0 gauge:

n

ehpv
= E'U'Vp j2 vV = 2
p

v P

n @i@ — (A0, Ay - O]
®
= [[A1-0, A3-0], A3-0)
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Kinematic algebra in Chern-Simons theory

Feynman rules in Lorenz 9, A" = 0 gauge:

n

ehpv
= E'U'l/p j2 vV = 2
p

v P

n @i@ — (A0, Ay - O]
@
n .{%E\. = [[A1-0, A2-0], A3-0]

Algebra of volume preserving diffeos: under z,, — x, + A, + ...,
d3x — d3x (for 0- A =0)
CS meets DBI December 12 2022 13/21




Kinematic algebra in Chern-Simons theory

What about ghosts?
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Kinematic algebra in Chern-Simons theory

What about ghosts? Consider Axelrod-Singer formulation:
k 3 3 1 i
S=— [ d’zd’0Tr | -VQV 4+ VU | |
2 2 3
Superfield for Faddeev-Popov ghosts and vector:
U =c+0,A" +0,0,e"P0,c ,
Kinetic (exterior derivative, world line BRST operator)

Q= 0,0" .
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Kinematic algebra in Chern-Simons theory
What about ghosts? Consider Axelrod-Singer formulation:

gk /d%d%ﬁ <1pr\1u + Z\Izw> ,

27 2 3
Superfield for Faddeev-Popov ghosts and vector:
U =c+0,A" +0,0,e"P0,c ,
Kinetic (exterior derivative, world line BRST operator)
Q=46,0".

To define the propagator b = 3%8“ (co-differential, b-ghost):
e b2 =0

0 bQ+Qb=0,0" =0

Maor Ben-Shahar CS meets DBI
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Kinematic algebra in Chern-Simons theory

Feynman rules in gauge bV =0 — 9,A"* = 0:
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Kinematic algebra in Chern-Simons theory

Feynman rules in gauge bV =0 — 9,A"* = 0:

() -woi

n = b(b(\Ifl\IIQ)\Ifg)

Maor Ben-Shahar CS meets DBI December 12 2022 15/21



Kinematic algebra in Chern-Simons theory

Feynman rules in gauge bV =0 — 9,A"* = 0:

() -woi

n =b(b(¥1Py)U3)

From Leibniz rule: b = %8/‘:
b(b(V1V2)W3) 4 cyclic(1,2,3) =0

Using b? = 0 which implies b(¥;) = 0.
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Kinematic algebra in Chern-Simons theory

Algebraic interpretation of:
+ cyclic = b(b(¥1W2)V3) + cyclic =0

Recall: b(¥;) =0 and b = %8*‘ so:
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Kinematic algebra in Chern-Simons theory

Algebraic interpretation of:

+ cyclic = b(b(¥1W2)V3) + cyclic =0

Recall: b(¥;) =0 and b = 89#8 so:

b(WiV)) = 55 Vidu Vs — 0 Vipg-V;
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Kinematic algebra in Chern-Simons theory

Algebraic interpretation of:
+ cyclic = b(b(¥1W2)V3) + cyclic =0

Recall: b(¥;) =0 and b = 89#8 so:
b(WiV)) = 55 Vidu Vs — 0 Vipg-V;
Same Jacobi identity for diffeo generators:

Ly(f) =b(f) s [Ly, Ll = Lygpe)

F(@,0) = [ +b(of) + b(¢b(6f)) /2 + .. = [l + 55,0 + 09)
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Kinematic algebra in Chern-Simons theory

Algebraic interpretation of:
+ cyclic = b(b(¥1W2)V3) + cyclic =0

Recall: b(¥;) =0 and b = 86#8 so:

b(WiV)) = 55 Vidu Vs — 0 Vipg-V;

Same Jacobi identity for diffeo generators:
Ly(f) =b(f) . [Ly, Lol = Lywg)
F(@,0) = [ +b(of) + b(¢b(6f)) /2 + .. = [l + 55,0 + 09)

diffeos in (x,0) space that preserve d*z — dz, d>0 — d°0.
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Kinematic algebra in Chern-Simons theory

One loop example:

’ b /d”ﬁd"é\hd;g b(b(b(W1B(5] 7)) W2) W) |
1 £ 4 ’ - 7

’ = / a0 w07 5 b(b(b(W1B(S] ) Ws) W) |
1 L 4 ’ - "

’ 5 b= / PO 0,453 b<b(\1115(62 é))b(%xyg)) ,
1 4 ‘ 7

Define X = b(W1b(53_;)), which satisfies bX = 0,
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Kinematic algebra in Chern-Simons theory

One loop example:

2

1

3

2

1

l

N

3

4

/ d*0d30 v ,63
/ d>0d30 0,63 -

/ d0d30 0,63

0,0

0,0

0,0

b(b(b(01b(5] ;) 0) W)
b(b(b(\lflg(ég’é))\lfg)\liz) ;

b<b(\1115(537é))b(\112\113)) ,

Define X = b(W1b(53_;)), which satisfies bX = 0,

Maor Ben-Shahar

— b

b

(b(XWa)W3) —

CS meets DBI

b(b(XW3)W3) — b(Xb(V2V3))
(B(XWa)W3) + b(b(U5 X )W) + b(b(WaW3)X) = 0
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Off-shell double copy

o At tree level, double copy with CS has zero amplitudes.
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Off-shell double copy

o At tree level, double copy with CS has zero amplitudes.
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Off-shell double copy

o At tree level, double copy with CS has zero amplitudes.
@ One can double copy Feynman rules and EOMs
e CS &® (DF)2 — CS—graVity, [See Moyniahn's talk!]

(€97 Fog) @ (D, DP D, F) = 0
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Off-shell double copy

o At tree level, double copy with CS has zero amplitudes.
@ One can double copy Feynman rules and EOMs
(] CS &® (DF)2 — CS-gI‘aVity, [See Moyniahn's talk!]

(eamFaﬁ) ® (DuDPD,F*) =0
Linearized cotton tensor appears in expansion of LHS
cH = e“o‘ﬁDaRg +(pev),

CH* = ( follows from the action

1 2
SCSgraV = % /dSE,qu <Fgﬁayrga + Srfjﬂrg’YPZQ) :

@ no scattering amplitudes to test this
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Conclusion

@ Obtained CS-matter theories satisfying CK duality
e BCJ implied SUSY (related [chiodaroli et. al. 1311.3600] )
@ Double copy to DBI, up to maximal A/ = 8 SUSY

| NLSM, CS(m)s YM,  (DF)?

NLSM, | SGAL_» ? DBIy, R+ DF?

CS(m)g ? DBIO ? CSG3
Y M, DBI, ? GRs CGy
(DF)2 | R+ DF?* (CSG3 (CG, R3
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Kinematic algebra in Chern-Simons theory

What ingredients implied the CK duality?
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Kinematic algebra in Chern-Simons theory

What ingredients implied the CK duality?
e Action: S ~ (VQU + ¥3)
e Propagator-numerator b: b> = 0, second-order wrpt vertex
o Gauge b¥ = 0.
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Kinematic algebra in Chern-Simons theory

What ingredients implied the CK duality?

Action: S ~ (TQW + ¥3)

Propagator-numerator b: b> = 0, second-order wrpt vertex
Gauge b¥ = 0.

Algebra and CK follow from second order b operator

See related: [Reiterer; MBS, Guillen 2108.11708]

The algebra implies off shell CK duality, and allows to construct any
loop diagram.
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Future research directions

@ Wilson loops?
@ What are the double copy actions?
e CK duality for more (VQW + ¥3) actions
@ Upcoming work on YM (ugs, Garozzo, Johansson]
- Lagrangian with fields A, (B,B), (Z,Z), (X,f()
- tree level BCJ numerators in nMHV sector, inspired by fusion algebra
[Gang Chen et. al.]

but off shell CK duality is still a mystery!
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